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Abstract

This paper considers a very general model of computation via conditional iteration,
the abstract machines of [23], and studies the conditions under which these describe
reversible computations. Using this, we demonstrate how to construct quantum
circuits that act as oracles for these Abstract Machines.

For a classical computation with worst-case performance T, the resulting quantum
circuit requires an ancilla of 1 + log(T") qubits, and takes O(T') steps. The ancilla
starts and finishes in the constant state |0), so garbage collection is performed
automatically.

Key words: Quantum Computing, Circuit model, Conditional Iteration, Abstract
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1 Introduction

Most, if not all, quantum algorithms rely on an oracle. Informally, an oracle for
a classical reversible computation f is a unitary map that acts as f on some
subset of the computational basis, and acts linearly on arbitrary superpositions
of these basis states. Oracles often also rely on ancillary quantum registers —
these are required to start and finish in some fixed computational basis state,
disentangled from either the input or the output of the computation.

In creating an oracle, it is standard to assume that the classical computation
is determined by a reversible acyclic Boolean circuit [41]. Although a large
standard toolkit exists for creating reversible circuits from irreversible acyclic
Boolean circuits, and translating them into quantum oracles [7,8], in practice
creating an oracle is often a bottleneck in quantum computations [37]. This
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is due to the extraordinarily limited forms of classical computation that may
be translated into quantum circuits: arbitrary classical computations must
be rewritten in entirely reversible form, without any notion of feedback, con-
ditional iteration, or similar. Further, any auxillary workspace used in the
computation must start and end in some constant fixed state.

The purpose of this paper is to remove at least one of these obstacles to
creating quantum oracles, by demonstrating how to create oracles, given ex-
plicitly as quantum circuits, from classical computations based on conditional
iteration or conditional halting.

We demonstrate a systematic method of producing quantum circuits that
compute the same function as a classical iterative computation on the com-
putational basis, and are superposition-preserving on arbitrary inputs — i.e.
we give a general prescription for constructing oracles based on conditional
iteration.

The notion of ‘computation via conditional iteration’ is formalised using the
Abstract Machines paradigm of [23] (although prior knowledge of [23] is not
a prerequisite for this paper). An abstract machine is simply a set, contain-
ing distinguished start and halt subsets, along with an evolution operator.
Computation takes place by starting with a member of the start subset, and
iterating the evolution operator until the halting subset is reached. Although
this is a simple, almost trivial, definition, many computational devices (e.g.
Turing machines, von Neumann architectures, cellular automata, etc.) may be
expressed in this form. Abstract machines give rise to surprisingly rich struc-
tures, allowing for (for example) domain-theoretic and categorical analyses of
such computational paradigms — see [23] for details.

1.1 Historical context

Quantum computing and conditional iteration have a long and uneasy history.
Although D. Deutsch’s original conception of a ‘quantum Turing machine’ [12]
defined computation in terms of conditional halting, his approach was shown
to be fundamentally flawed by J. Myers [40]. N. Linden and S. Popescu phrased
the problem more generally, as a question about general quantum algorithms
[34], and demonstrated how using conditional iteration within quantum algo-
rithms always seemed to lead to uncontrollable entanglement with an auxillary
space (thus forcing decoherence, and ruling out the use of conditional iteration
in producing oracles). Linden and Popescu posed the (still open) question of
which computations based on conditional iteration can or cannot be restruc-
tured to avoid such decoherence.

These results serve to emphasise that reversibility alone is not sufficient to



produce a quantum analogue of a classical computation — although the dy-
namics of a quantum computational system may be entirely unitary, attempts
to define computations in terms of conditional halting seem to cause deco-
herence (via entanglement with an ancilla). Thus, although there is a general
toolkit for modelling irreversible Turing machine computations by reversible
Turing machines [33,31,8,32], this translation alone is not enough to produce
quantum oracles from Turing machine computations.

An alternative approach to quantum Turing machines was taken in [9], where
unconditional iteration (i.e. halting after some fixed number of steps) is used.
Such ‘properly halting quantum Turing machines’ are equivalent to standard
quantum circuits — however, the problem of taking a (classical, irreversible)
Turing machine computation, and re-writing it so that it is not only reversible,
but terminates after a fixed number of steps regardless of the input, is trivially
equivalent to the problem laid out in [34]. For arbitrary Turing machines, this
is of course undecidable in general, due to the undecidability of halting: see
29,38,39] for various no-go theorems?.

Finally, conditional iteration in quantum computation is often based on classi-
cal conditionals, conditioned on measurements of a quantum system (as in, for
example, [42]). Although this leads to many interesting phenomena, it also, of
course, also leads to decoherence, and is not suitable for translating a classical
computation based on conditional iteration into a quantum oracle.

2 Abstract Machines and classical iteration

Our description of conditional iteration is based on the very general ‘abstract
machines’ of [21,23,22]. We do not present the full theory here — rather we
study a special case where both finiteness and reversibility are assumed.

Definition 1 An (finite reversible) Abstract Machine, or frAM M
consists of:

e A finite configuration set Y.
o A bijection P :Y — Y called the primitive evolution.

2 For readers familiar with [23], space-bounded Turing machines were analysed in
great detail, as canonical examples of Abstract Machines. An application of this
current paper is indeed a procedure for creating oracles for space-bounded Turing
machine computations in the quantum circuit paradigm. We emphasise that this
does not contradict the above no-go theorems — the essential difference being that
such undecidability results are not applicable in the space-bounded case. However,
the details of this construction are sufficiently non-trivial to make this the subject
of a paper in its own right [26].



o A subset S of the configuration set called the start-halt subset.

We refer to the complement of the start-halt subset W =Y\ 'S as the working
subset.

A computation of a frAM proceeds as follows:

(1) The input is some starting configuration s € S CY.

(2) The primitive evolution is applied: s — P(s).

(3) Step (2) is repeated until some halting configuration t € S is reached —
this is then the output.

For a frAM M, this iterative procedure defines a function {M} : S — S that
we call the function computed by M. In Corollary 10 we will show that
{M}: S — S isin fact a bijection.

By definition t = {M}(s) implies that t = P*(s), for some k > 1. We em-
phasise that this (non-zero, possibly non-unique) integer is not a constant —
rather, it is determined by the input s.

For such ideas from a different perspective, we observe the similarity between
this scheme for computation, and the ‘reversible iteration’ primitive of the
reversible programming language JANUS [35].

In Definition 1 above, a single subset acts as both a starting and halting sub-
set. This is non-standard in automata theory and related fields of theoretical
computer science. However, it is not a major restriction — a more general
case with distinct (but equal sized) starting and halting subsets S, H C Y
may be simulated by modifying the primitive evolution P using some bijec-
tion o : Y — Y that interchanges S and H, and is the identity elsewhere.
However, the algebra associated with having a single start/halt subset is sig-
nificantly more elegant, so without loss of generality we will work with abstract
machines of this form.

2.1 Conventions of frAMs

In order to allow for an easy translation into the quantum circuit paradigm, we
assume that our frAMs are of a certain special form, as described below. We
emphasise that these assumptions are made without loss of generality. They
are either labelling conventions, or can be imposed by introducing ‘padding’
that does not interact with the computation in any way. In neither case do
they impose any restrictions on the classical frAMs for which we may create



quantum oracles.

2.1.1 Conventions for finite reversible Abstract Machines

(1) The configuration set is Y = {0,...,2" — 1} for some integer n.

(2) The start-halt subset is exactly those configurations whose most sig-
nificant bit, or start-halt bit, is 0. Thus S = {0,...,2" ' — 1} and
W= {201, 20— 1),

In the scheme we present, upper bounds to the number of steps before ter-
mination will be important. An upper bound (not necessarily a least upper

bound) for number of steps before termination is simply an integer 7' > 0 such
that {M}(p) = ¢ implies ¢ = PX(p), for some K < T

Although T' = 2"~! 4 1 is an obvious such upper bound, in general this will
be a vast overestimate. Sometimes a much tighter bound may be deduced
combinatorially, or by detailed analysis of the Abstract Machine. However,
given a quantum computer, a suitable (although not in general optimal) bound
may be found using standard techniques:

Theorem 2 Given a frAM M = (Y, P,S), an upper bound to the number of
steps before termination may be found by quantum period-finding.

PROOF. There are numerous subtleties associated with quantum period-
finding, so a discussion of this is postponed to Appendix III. O

2.2 An example frAM computation

An example of a finite reversible abstract machine M = (Y, P, S) satisfying
the conventions of Section 2.1 is given in Figure 1. Here, the configuration set
is all 4 bit binary words,

Y ={0000, 0001, ..., 1110, 1111}
and the primitive evolution P is given by,
“Flip all bits in a word, then apply a cyclic left-shift”.

As specified above, the most significant, or start-halt, bit determines the



Fig. 1. An example frAM computation

Working p
Subset W 1111 =
1110 =
< .. a
1001 ;s:;
\1000 o
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0110 =
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0001 ﬁ'_
Start / Halt 0000 &
Subset S

start /halt subset, so

S ={0000,...,0111} and W = {1000,...,1111}

Two distinct computations, from the start-halt subspace to itself, are shown
in Figure 1.

Simple combinatorics shows that the number of steps before termination can

be no greater than 5, and a slightly more in-depth analysis shows that this
figure (i.e. 5 steps) is in fact an over-estimate.

3 The problem solved by this paper

Following the above definitions and examples, we are now able to state pre-
cisely the problem solved by this paper:

“Given a quantum oracle Up for the primitive evolution of a (finite,
reversible) Abstract Machine, how may we give a quantum oracle Upq for the
function computed by this abstract machine?”

Disregarding complexity considerations, a solution to the above problem is
immediate. We simply perform the computational basis computation on every
possible input, create a lookup table, and use any of the standard techniques
to create a quantum circuit that implements this function. The complexity of
taking this approach is also, of course, ridiculous.



The solution presented in this paper takes O(T') calls to the oracle Up, and
requires an ancilla of 1 4 log(T') qubits, for a computation with worst-case
running time bounded by T steps. Note that, in contrast to the exhaustive
search above, complexity is determined by the maximal number of steps to
termination, rather than the size of the configuration set Y.

4 The classical theory

We now give an exposition of the classical theory of abstract machines, as
developed in [21,23,22], and the required algebra. As this paper is intended to
be an application of the general theory, we present the minimal subset required
to reach our final result. We then give a standard embedding of this classical
theory into the algebra appropriate to quantum circuits, and use this to prove
correctness of the procedure laid out for constructing quantum oracles.

5 Algebraic preliminaries

The required algebra is based on the theory of partial bijections (i.e. partial
functions that are bijective where defined) — we refer to [30] for comprehensive
background.

Definition 3 Given sets A, B, a partial bijection f : A — B is a subset
of B x A satisfying a =a < b=10 Y(ba),(t,d) e f. Given (b,a) € f, we

commonly use functional notation, and write b = f(a).

Given a partial bijection f : A — B, then the domain and image of f are
respectively the subsets dom(f) C A and im(f) C B defined by

e dom(f)={a€ A:3be B s.t. (ba) € f}
e im(f)={beB:3Ja€ As.t. (ba)ec [}

The composite of partial bijections f : A — B and g : B — C' is the partial
bijection gf defined by

(c,a) €gf <& e B : (¢,b) €g and (b,a) € f
In functional notation, b = f(a) and c¢ = g(b) = c=gf(a).

Given a partial bijection f : A — B, its generalised inverse is the partial
bijection f~1: B — A defined by

(a,b) € 1 < (ba)e f



In functional notation,

fla)=b & f(b)=a

Note that generalised inverse do not, in general, satisfy f~'f = 14. Rather,
f7Yf is a partial identity on A (i.e. a partial bijection e : A — A satisfying
(d,a) ee = a=d).

Of particular importance in this paper are the notions of summation and
matrix representations of partial bijections.

Definition 4 An indexed family of partial bijections {f;}ic; is summable
exactly when, for all i # j € I, the partial bijections f; and f; have disjoint

domains and images. Given a summable indezed family {f; : A — Blier,

the sum of this family is exactly the set-theoretic union > ey fi ael- User fi-

We refer to [15] for a study of the properties of this summation. We also use
the notation (f1+ ...+ f.) : A — B for indexed families of finite numbers of
elements. For two-element families, fi+ fo is the partial bijection with domain

dom(f1) Udom(fy) specified by

fi(a) a € dom(f),
fo(a) a € dom(fs).

(fi + fo)(a) =

The above notion of partial summation of partial bijections allows us to use
matrix formalism for partial bijections, as follows:

Theorem 5 Consider a set Y, decomposed into the disjoint union of two
subsets Y = AW B. A partial bijection f 1Y — Y may be given a matrix
representation, as

fOOfOl fooIAHA f(]lZB—)A

= where

fio fun flo:A—B f1:B—B

By interpreting multiplication as the composition of partial bijections, and
summation as the addition of Definition 4, the matrixz representation of gf :
AWB — AWB is given in terms of the matrix representations of g, f : AWB —
AW B, by the usual formula:

goo Jo1 foo f01 goofoo + 901f10 goofm + 901f11
J10 911 Jio fi1 g10foo + g11f1i0 911 f11 + grofor



Fig. 2. Matrix composition as ‘summing over paths’

A —g00 foo+go1fr1o—= A

A\f10>fm<jA\gw>gw<jA goo fo1+9go1 f11
B/f01 1 B}Ol g11 B g10foo+g11f10

B—afiit+giofoo— B

PROOF. We refer to [20] for this, and [15] for a general category-theoretic
setting. Alternative proofs and significant applications are given in [5,16]. O

The above formula for matrix composition has a simple diagrammatic inter-
pretation as ‘summing over labelled paths’, as shown in figure 2.

5.1 The ‘resolution’ of a partial bijection

We now give another operation on matrices of partial bijections, with a similar
diagrammatic interpretation to Figure 2. This will allow us to give an explicit
description of the function computed by a (finite, reversible) abstract machine.

Definition 6 Let f : Y — Y be a partial bijection, and let' Y be given as the
disjoint union of two subsets, as' Y = S W W. By Theorem 5 we may give a
matrix representation for f, as

f= JooJou ) gy L sww

flO fll

The resolution of f at S is the partial bijection defined in terms of this matrix
representation, as

Ress(f) = foo + i forflfro

§=0

We refer to Theorem 7 below for a proof that this is indeed a partial bijection.

Diagrammatically, as shown in Figure 3, this is again simply taking the sum
over paths — albeit this time with the introduction of a partial feedback loop.



Fig. 3. Resolution as ‘summing over paths’

S\ foo—= 8 S foo— S _ |
fro \f1o / f00+2j:0 fo1(f11)? for
p— — S
fo1 \ 01
w

5.2 A general category-theoretic setting for Resolution

Readers familiar with the appropriate category theory will of course recognise
the ‘Resolution’ given above as a special case of a category-theoretic trace
[27,2]. The exact formula given in Definition 6 above appears (in the context
of the category of relations on sets, and the disjoint union) in [27,2], using the
notation TT)U(y(R). We do not use this notation or terminology, to avoid the
inevitable confusion with the usual familiar Trace on linear operators (indeed,
this is also an example of a categorical trace [3]). Instead, we use the alternative
term ‘Resolution’ following [11,14,23].

There is no space here to give a summary of the history and development
of categorical traces in general. We refer to [27,2] for the origins of the the-
ory, [19,18] for a good overview, and in the remainder of the paper simply
concentrate on the special case of categorical traces of partial bijections on
sets.

5.8 Resolution and reversibility

As mentioned above, the formula of Definition 6 appears in [27,2] in the context
of Relations and Partial functions on sets. In [20,15,5] is is demonstrated that
the category of partial bijections also has such a categorical trace. Using the
notation of this paper, this implies the following result:

Theorem 7 Let
f= JooJou ) oW L sww
fio fu

be the matriz representation of a partial bijection. Then the family {foo} U

10



{fmfflfw};";o is a summable family of partial bijections, and thus

Ress(f) = foo + i f01ff1f1o

=0

18 a partial bijection.

PROOF. We refer to [20,15,5] for a range of proofs of this result, in a more
general category-theoretic setting. O

This result is significantly strengthened in [4], where the following result is
proved:

Theorem 8 Let f: SWW — SWW be a bijection (i.e. isomorphism) between
finite sets. Then Resg(f):S — S is itself a bijection.

PROOF. This is explicitly proved in [4] and (according to the author of [4])
significantly prefigured in [28]. O

6 The function computed by a frAM

The above algebraic and categorical background allows us to describe the
partial function computed by an abstract machine in terms of its primitive
evolution, as follows:

Theorem 9 Let R = (Y, P,S) be a finite reversible abstract machine, with
P .Y —Y gwen in matriz form as

Poo P
p=|""""] . sow—suw

P10 P
Then Ress(P) : S — S, as defined in Definition 6, is exactly the function
{M} S — S computed by the iterative procedure of Definition 1.

PROOF. Although intuitively obvious, this is surprisingly difficult to prove.
A proof is given in [23] (special case of Theorem 27), using domain-theoretic
methods. O

Corollary 10 Let M = (Y, P, S) be a frAM. Then the function {M} :S — S

computed by this machine is a bijection.

11



PROOF. This is immediate from Theorems 8, 9 above. O

7 Embedding partial bijections into linear maps

We now consider how partial bijections between sets may be ‘lifted’” to linear
maps between complex Hilbert spaces, via their action on some fixed orthonor-
mal basis. This is a special case of a general construction presented in [6].

So far, in order to make this paper accessible for a general audience, we have
avoided explicit category theory. However, it would be perverse to present this
section in any other way. For a brief non-rigorous summary, we refer to the
table in Figure 4., and for a full categorical treatment, we refer to [6].

Definition 11 The category of finite partial bijections, denoted fpBij
has as objects the proper class of all finite sets, and as arrows, partial bijections
between these sets. Composition of arrows is given by the usual formula for
composition of partial bijections given in Definition 3.

The category of finite-dimensional Hilbert spaces, denoted Hilbgp has
as objects the proper class of all finite-dimensional complex Hilbert spaces,
and as arrows linear maps between these spaces. Composition of linear maps
s given by the usual definition.

We now introduce an injective functor from fpBij to Hilbgp. This is based
on the Iy functor of [6] — however, we simplify the situation significantly by
giving a basis-dependent, covariant version of this functor.

Definition 12 The functor ly : fpBij — Hilbgp s defined by:

e (On Objects) Given a set X € Ob(fpBij), then the Hilbert space lo(X) is
defined to be the | X|-dimensional space with orthonormal basis {|x)}.ex-

e (On Arrows) Given a partial bijection f € fpBij(X,Y), the linear map
lo(f) € Hilbpp (I2(X), 12(Y)) is defined in terms of basis elements by

|/ (x)) = € dom(f)

0 otherwise.

L(f) |x) =

It is immediate that l5 : fpBij — Hilbgp s indeed a covariant functor.
The connection between the functor [, : fpBij — Hilbgp and the concept

of an oracle for a classical reversible function (as in Section 1) is hopefully
immediate: Given a bijection f, then the unitary lo(f) is an oracle for f.

12



Readers familiar with [6] will observe that we have used dualities inherent in
the category of Hilbert spaces to produce a covariant version of what is usually
a contravariant functor. In doing this, we have been forced to specify distin-
guished bases for the Hilbert spaces considered. From many points of view,
basis-independence is to be preferred. However, for the concrete application
presented in this paper, we are working within the circuit model of quantum
computation, where a fixed orthonormal basis (i.e. the computational basis) is
assumed. Thus, the version of [y presented above matches the usual intuition
of ‘creating a quantum oracle’.

The following facts about this functor will be useful:

Theorem 13

(1) 1y is injective, on both objects and arrows.

(2) For all f € fpBij(X,Y), lxo(f) is a partial isometry.

(3) When f € fpBij(X,Y) is an isomorphism, then ly(f) is a unitary map.

(4) When e, e € fpBij(X, X) are partial identities, then ly(e) and ly(€’) are
commuting projectors.

(5) The functor ly : fpBij — Hilbpp maps the generalised inverse to the
adjoint: that is, Iy (f 1) = (l.(f))', for all f € fpBij(X,Y).

(6) Given a summable family of partial bijections { f; € fpBij(X,Y)}ies, then

(57) = Zen

where the sum on the l.h.s. is as given in Definition 4, and the sum on
the r.h.s. is the usual component-wise summation of linear maps.

PROOF. We refer to either [6] or [16] for proofs. O

As well as being a covariant functor, Iy : fpBij — Hilbgp is a monoidal
functor, with respect to two distinct monoidal structures on fpBij.

Theorem 14 The category fpBij is a symmetric monoidal category, with re-
spect to both the disjoint union W and the Cartesian product x. Further, the
Iy : fpBij — Hilbgp functor preserves both these monoidal structures, map-
ping W to the direct sum @&, and mapping X to the tensor product ®.

PROOF. These are standard results of either [6] or [16]. O

13



Fig. 4. Embedding partial bijections into linear maps

The Action of the functor Iy : fpBij — Hilbgp

fpBij Hilbgp

Set X ={xy...2,} Hilbert space lo(X), with
orthonormal basis {|z1),...,|z,)}

Partial Bijection f(z;) = y; Partial Isometry lo(f) |x;) = |y;)

Bijection Unitary Map

Partial identities (Commuting) projectors

Generalised inverse ( )~* Adjoint ()T

Summation of partial bijections | Component-wise sum of linear maps

Disjoint union W Direct sum @

Cartesian product x Tensor product ®

The above results may be summarised in the table of Figure 4., a slightly
modified form of which is presented in [16].

8 The direct sum in the circuit paradigm

As noted in Section 5.2, the Resolution — a key formula in understanding
abstract machine computations — is a categorical trace on fpBij. However,
it is a trace on the disjoint union, rather than the Cartesian product.

The functor Iy : fpBij — Hilbgp, which can reasonably be considered as
formalising the notion of an oracle, maps the disjoint union W to the direct
sum @. We therefore present the standard interpretation of the direct sum in
the circuit paradigm, in terms of conditional operations.

Definition 15 Let U,V be unitary operations on n qubits. The controlled
operations CtriyU and Ctrl,V, called control-on-0 and control-on-1 re-
spectively, are the n + 1 qubit operations defined by:

CtrlgU|0) [) = |0)U¢p) and  CtrioU |1) ) = |1) |4)

CtrlyV[0) [) = 10) [¢)  and  CtrlyV (1) [¢) = [1) V |[)

These have the standard circuit representations shown in figure 5. When we

14



Fig. 5. Quantum circuits for ‘Control on 0’ and ‘Control on 1’
Ct’f’loU Ct?"llU

denote the n-qubit identity operation by I,, it is immediate that these oper-

ations have the following matrix representations:

Uo I, 0
C()U - y 01V -
01, oV

Theorem 16 Let U,V be n-qubit unitary operations. Then the direct sum

Uo
oV

UV =

1s the n + 1 qubit operation given by the composite

U@V = CtrloUC'trhV = Ctrll‘/CtrloU

PROOQOF. This is immediate from comparing the matrix representations of
the controlled operations with the matrix representation of the direct sum. A

quantum circuit for the direct sum is shown in Figure 6. O

Given 2" unitary maps {U,}2 ', it is immediate how to construct the direct
sum @2 ,' using controls on an ancilla of n qubits. This is illustrated in Figure

7. for the direct sum of 2% unitaries, and hopefully the ‘binary counting’ pattern

on the control qubits is immediate.

15



Fig. 7. A circuit for the direct sum @Z:o U,

%%, fI( 5
1 T T T T

Uo Ui Us Us U, Us Us Uz

9 Quantum circuits for Uy,

We now have sufficient background to give a solution to the problem posed
in Section 3. Let us assume that M = (Y,P,S) is a frAM satisfying the
conventions of Section 2.1, so

(1) Y =H0,...,2" — 1},
(2) S=40,...,2"" 1 —1},
(3) The computation y — {M}(y) terminates in under T' = 2 steps.

Definition 17 Throughout this section, the number of steps taken before ter-
mination on a given input will be important. Given y € {0,...,2""1 — 1}
as input to the classical machine M = (Y, P,S), we define 7(y), the num-
ber of steps to termination, to be the minimal non-zero integer satisfying
P™W(y) € S. By (3) above, 0 < 7(y) < T, for ally € {0,...,2""1 —1}.

Let us write the primitive evolution in matrix form, so

Py P,
P = 00 2ot S W - SyW

P10P11

We further assume that we have a quantum oracle Up = l5(P) for the bijection
P. Using the description of the functor [y provided in Section 7, we may
therefore give Up as a block matrix, as

12(Foo) l2(Fo)
12<P10) 12<P11)

Up =

Note that each of the entries of this block matrix is a partial isometry. This
is not true for matrix decompositions of arbitrary unitary maps (see Section
10 for more on this).

We may then give an explicit description of the oracle for { M}, as follows:

Proposition 18 The unitary oracle Upq for the bijection { M} computed by

16



M is given by

Upm = lz(Ress(P)) = la(Poo) + i la(Po1)l2(Pr1)"12(Pro)

a=0

PROQOF. This follows from the explicit algebraic description of the bijection
{M} given in Proposition 9, together with the properties of the I, : fpBij —
Hilbgp functor given in Theorem 13. O

We now give a circuit that implements this n — 1 qubit unitary oracle, using
the standard quantum circuit toolbox, a t + 1 qubit ancilla, and calls to the
oracles® Up and Up'.

9.1 An overview of the complete circuit

The circuit presented is naturally divided into three blocks, together with
some elementary operations, as shown in Figure 9. For reasons of space, the
details of blocks A, B and C' are given in Appendix I, and explicit matrices
for the unitaries implemented by each of these blocks are given in Appendix

IT.

In Figure 9., the X gate is simply the unconditional not-gate (X |0) = |1),
X |1) = |0)) and the “Shift — R” operation is the usual qubit-wise cyclic
right-shift on a ¢t + 1 qubit register, defined on the computational basis by

|boby - . bybyyy) —22 R py by by1by)

This has a simple, although not optimal, realisation via swap gates, as shown
in Figure 8.

Theorem 19 Given an arbitrary superposition of computational basis states

on—1_1

¥) = > aala)

a=0

3 At this point, we are following the convention that, when we have access to
an oracle, we also have access to its inverse. For an oracle given as a quantum
circuit, this is straightforward — in the general setting, this is very implementation-
dependent.

17



Fig. 8. The qubit-wise cyclic right shift

where the swap gate

o = by
) 1 b I

is given by controlled bit-flips

|be) ‘ |br—1) ( g
|be11) |b1) 4

Fig. 9. The complete circuit for an oracle for { M}

: : : Shift - R : :
0) ———— ' — 0

[0) Block A Block B Block C |0)

v) D - - : - — Upm|¥)

9] 5]

then the circuit of Figure 9. acts as

0) [0) — |o>( > aa|{M}<a>>)

i.e. this circuit provides an oracle for the bijection computed by M.

The complete circuit requires 3T calls to the oracle Up (or Ugl) for the prim-
itive evolution of M, where T' is the upper bound to the number of steps before
termination. This may readily be seen from the circuits given in Appendix I,
where each of the three circuits presented requires exactly T calls to Up.

PROOF.

We analyse the circuit of Figure 9. at the points 0/ to 6/ shown in this diagram.
We consider two cases: where the input |¥) is a computational basis vector
7). and where the input is an arbitrary superposition 2~ a, |a).

Our claim is then that the action of the circuit in these two cases is as shown
in Figure 10. In this Figure, recall that 7(z) is the number of primitive steps
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Fig. 10. The action of the Circuit of Figure 9.

Computational Basis Arbitrary Superposition

Point 0 6> |7) 6> ( Zn o1 Y, |a>)
Point 1 T> 17) T> ( ¥ a, |a>>
Point 2 () = 1) M) | 255 F e |r(a) — 1) {M}(a))
Point 3 127(5) — 2) ) ZQH - Qg |27(a) — 2) |a)
Point, 4 I7(t) — 1) |5) S o |T(a) — 1) |a)
Point 5 T> {M}()) Zzn o >HM} a))
Point 6 0) {M} () 0) (23”01 Lau [{M}a))

from the start state x to the halt state M(zx), for all x = 0,...,2""1 — 1 (See
Definition 9). We also use vector notation to distinguish the multi-qubit states

‘6> =100...00) and ‘T> =|00...01) from the single-qubit states |0),|1).

To verify this, we now consider each step separately. Point 0 is a triviality - it
is simply the definition of the input. The remaining steps are as follows:

(1) On both the computational basis and the superposition inputs, this is
straightforward. The X-gate flips the least significant bit of the ancilla,
transforming the ¢ + 1 qubit state |0) into the ¢t 4+ 1 qubit state |1).

(2) We consider the effect of block B on both computational basis elements,
and on arbitrary superpositions separately, as follows:

e Computational Basis: From Corollary 21 of Appendix II, block A
implements the unitary map

lo(Po1) 12(Poo) 0 0 0 0 0 0

lo(Po1 Pr1) lo(Por Pro) l5(Poo) 0 0 0 0 0
o(PorPh)  la(Por P Pu) la(PorPro) l2(Poo) 0 0 0 0

A lz(Ptlelgl) lz(PtlelzlplU) lo(Po1 P11 Pro) lo(Po1 Pro) lo(Poo) 0 0 0
L(Pou Pl ") La(Pn Pl Pio) l(Pu Pl *Pro) (PPl *Pro) (PPl Pro) .. la(PoPro) Ia(Poo) O
lL(Ph) LPE ' Po)  LIPEPo)  L(PEPo)  B(P0)"*Pio) ... b(PiuPo) b(Po) 0

0 0 0 0 0 0 0 I

Note that each entry of this matrix is a (2"~! x 2"1) block. As the
ancilla of the input state is ‘T> = 100...01), we may simply read off
the output state from column 1. of this matrix. As the input is in the
computational basis, and the number of steps to termination is bounded
we know that exactly one of the partial isometries from this column will
give a non-zero answer when applied to |j). Thus, we are left with the
computational basis state |7(7) — 1) [{M(j)}), by the explicit formula
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for {M} given in Proposition 18.

e Arbitrary Superposition: This follows by the unitarity of block A,
and the above result for a computational basis state. Given the product
state |1) (3, aala)) = >, aa|l)|a), block A will produce the highly
entangled state >, |7(a) — 1) [{M}(a)).

At this point, we almost have the result we require (i.e. the output of
an oracle for {M}). However, the result is entangled with the ancillary
register — this entanglement is based on the number of steps before
termination for the classical machine M = (Y, P, .S) (this situation is as
described in [34]).

Should we simply wish for the result of the computation, without this
entanglement, we would be forced to trace out the ancillary register (us-
ing the standard linear algebra trace on the tensor product), causing
decoherence. The remainder of the circuit is therefore devoted to a co-
herent way of disentangling the ancillary register with the result of the
computation .

(3) Informally, the action of block B is simply to ‘uncompute’ the compu-
tation just performed — however, although the computation is undone,
the ancilla that counts the number of computational steps continues to
increment.

More formally (using analogous reasoning to (2) above), by Corollary
23, block B implements the following unitary map:

lo(Poy)T Iy (Poo)f 0 0 0 0 0 0

Iy(Por Py ) Io(Po1 Pro)t 1o (Poo)t 0 0 0 0 0
lz(Pmpizl)f ZQ(P(HPUPI())T lz(Pumﬁ 12<P()0>1 0 0 0 0

B ly(PnPy)t (PP Pw)t  1o(PoiPiiPro)t lo(Poy Pro)f Iy (Poo)t 0 0 0
(P P (P Pl Poo)t b(Pu Pl Pro)t la(Po Pl Puo)t (P PL°Pi)t .. (P Pro)t 1a(Poo)t 0
(PR LIPE'Po)t L(PL?P0)T LPLPPo) (P Po)t . (P Po)t b(Po)f 0

0 0 0 0 0 S 0 0 Iy

When applied to a computational basis vector of the form |p)|j), this
matrix gives the computational basis vector |p+ 7(j) — 1) [{M}7(5))
(provided p < T, and 0 < j < 27! — 1). Thus, when applied to the
computational basis vector |7(j) — 1) [{M }(j)), matrix B of Corollary 23
will produce

27(j) — 2) (M} M) = [27(5) — 2) |5)

4 Readers familiar with reversible/quantum computation may wonder why we do
not simply use a variation of Bennett’s ‘fan-out and uncompute’ technique to do
this. This is addressed in Section 10.
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Finally, when matrix B of Corollary 23 is applied to a superposition

of the form Y}, a, |7(a) — 1) [{M}(a)), linearity together with the above
result implies that the result is >, ay [27(a) — 2) |a).
The action of the Shift — R operation on the ancilla may be summarised,
for even computational basis states, as |2k) — |k) (i.e. division by 2. Due
to the form of the input at point 4, the action on odd computational basis
states is irrelevant). Thus a state of the form [2(k — 1)) |¢) at point 4 is
mapped to |k — 1) [¢) at point 5.

The required result is then immediate for computational basis states,
and follows by linearity for superpositions.

Informally, block C re-performs the computation of Block A. However, in
this case, the ancilla is decremented instead of incremented at each step.
From Corollary 25 of Appendix II, block C' implements the unitary map

L(P) ba(PiPrg) ... L(Pn)"*Pg)  L(PL*Po)  L(PL?Po)  L(PL " Po) L(Ph) 0
lo(Poo) lo(PouPio) ... la(PnPL°Pio) l(PuPh*Pio) l(PuPh2Py) 1(PnPL2Pyg) L(PnPL™) 0

e | 0 12(Py) L(PuPo)  L(PnPuPo) L(PnPiPy) L(PuPh) 0
0 0 0 12(Poo) l2(Po1Pro) lo(Poi P Pro)  lo(PnPY) 0

0 0 0 0 lo(Poo) I2(Po1Pro) ly(Po1P1) 0

0 0 0 0 0 l5(Poo) lo(Por) 0

0 0 0 0 0 0 0 I

Consider the action of this on some computational basis state |p) |q),
where T — 1 < p < 2T —2,and 0 < q < 2"! — 1. As the ancilla |p) is
a computational basis state, we may simply read off the result from the
appropriate column. As |g) is also a computational basis state, we know
that exactly one of the partial isometries

12(Poo) » l2(Po1Pro) , lo(PorPiiPro) , (P PiyPro) s - .. lo(Po Py Pro)
has a non-zero result when applied to |g), and so

Clp)lg) = Ip— (7(q) — 1)) {M}(q))

Thus, taking p = 7(¢) — 1, we deduce that C |7(¢q) — 1) |q) = |1) [{M}(q)).
The result when applied to a superposition state follows by linearity,
hence

c(;aawa)— ) S a1} (M} (zaa (M} (a >)

as required. Note that this is a product state.
Here, the X-gate simply flips the least significant bit of the ancilla. Thus,
the t + 1 qubit state |1) becomes the ¢ + 1 qubit state |0).
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Putting these steps together, the circuit of Figure 9. acts as

0) %) |o>( 5 aa|{M}<a>>)

a=0

as required. O

10 Using the scheme of Section 9 using arbitrary unitaries

Readers familiar with reversible and quantum computation will no doubt won-
der why we used the scheme that we did in order to disentangle the ancilla from
the result of the computation — a suitable scheme may be based on Bennett’s
‘fan-out and uncompute’ procedure [7,8]. Although our scheme may offer a
slight reduction in the size on ancilla required, the overall time complexity is
similar in both cases.

The justification for presenting the scheme in this way is that the circuit of
Figure 9. is also applicable in certain cases where the oracle Up is replaced

. ) Uoo Un )
by a more general n-qubit unitary map U = . In this case, a

Uio Un
computational basis input at point 0 of Figure 9. does not always give a
computational basis state at point 3 — thus we cannot use a disentangling
scheme based on fan-out.

We do not claim that this scheme always produces a product state with ancilla
|0). However, when the resolution formula

RGSS(U> = Uo() + Z UmU{lUl()
j=0

gives a unitary map, this scheme may be seen to produce a product state
output.

However, the conditions for Resg(U) to define a unitary map, when U is not
simply a permutation of the computational basis, are less straightforward.
Consider the following two very similar quantum logic gates:

e Hadamard gate

Sl

1 -1
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e Square root of NOT

1 (1 1\ ({01 1 11
HX = — —
v2l1-21)\10) V2 11

Using the standard formula for the sum of a geometric series,

14++2 1—+v2
= — d R HX)= — =
202 ess(HX) V2 -1

Considering these as maps on the complex plane

(i

it is immediate that Resgs(H X) is unitary, whereas Resg(H) is not.

Ress(H)

)z and z+— —z

A general characterisation of when the above formula defines a unitary map
is complicated by the fact that for a general unitary, the matrix components
Ugo, Uo1, Uro, U1 are not in general partial isometries [24]. We refer interested
readers to [25] for the general case, where the ‘primitive evolution’ may be an
arbitrary unitary (rather than simply an oracle for a classical permutation),
and the number of time-steps allowed may be unbounded.
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Fig. 11. The modular successor function
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Appendix I: circuits for blocks A, B, and C

We now present circuits for blocks A,B and C of Figure 9. These circuits
require the modular successor function on t + 1 qubits, defined on the com-
putational basis by Succ|k) = |k + 1 (mod 2t1)). We give a naive circuit for
this in Figure 11. For a more sophisticated approach, we refer to either [44] for
elementary arithmetic operations, or [13] for a neat use of the quantum Fourier
transform to implement modular addition and other arithmetic operations.

Note also that in the following circuit blocks, the quantum oracle Up (or in-
deed its inverse U, ') is always used in conjunction with a quantum not-gate
applied to the most significant bit (i.e. the start-halt qubit). This has the effect
of interchanging the start-halt subspace and the working subspace. Although
the justification for the following circuits is simply that the corresponding
matrix manipulations give us the right answers, readers seeking a deeper mo-
tivation are referred to the field of game semantics for linear logic [10,1], where
repeated interchange of ‘player’ and ‘opponent’ (or ‘prover’ and ‘disprover’)
forms a crucial element of the system (see [14] for similar ideas, motivating
this field).
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Appendix II: Matrices for blocks A, B and C

A matrix for block A

Proposition 20 Block A of Figure 9. produces the unitary map
A = GT—IGT—Z P GlGo

where the matriz G, is given in terms of

l2<POO) l2(P01)

Up =
lo(Pro) lo(Pr1)
as follows:
Ion-1, 0 0 0
0 1(Po) la(F 0
G, = 2(For) L2(Foo) where r=0,...,T —1

la(Pr1) l2(Pro) 0

0 0 0 Iron_yon—1

PROQOF. First note that the circuit for U; modifies the oracle for primitive
evolution Up by flipping the most significant qubit (ie. the start-halt qubit)
of the output of Up. Therefore,

— la(Por) l2(Poo)
Up =
la(P11) l2(Pro)
This then allows us to give G, in terms of controlled operations on 6;

When z is even, G, is given by the connection between direct sum representa-
tions and controlled gates given in Section 8. We may build up Gy, Ga, G4, . . .,
as shown below:
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*F ——— ————

— — — —

Up Up Up Up

Let us now conjugate one of the above controlled operations by the ¢+ 1 qubit
(modular) successor function, Succ. This is s applied to the ancillary register,
together with the most significant qubit of Up. When a matrix of the form

Ianlx 0 O
G.=| 0 Up 0

O O ITQn,xQn—l

is conjugated by this operation, the result is

]27171(1,_;'_1) 0 0
0 Up 0
0 O IT2n7($+1)2n71

However, this is exactly G.11, as required. Thus we may build up G, G3, G5, . . .
from controlled operations and the successor function, as shown:

G] GS GS

— Succ i Succt — Succ 09— Succt — — Succ WIV Succt

Corollary 21 An explicit matriz for the unitary map A implemented by block
A is
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12(Por) l2(Poo) 0 0 0 0 0 0
lo(Po1 Pr1) lo(Po1 Pio) l2(Poo) 0 0 0 0 0
Iy(PuPh)  12(PorPiiPi) lo(Po1 Pro) Io(Poo) 0 0 0 0

0 0 0

I(PuPy)  1(PouPAPuo)  la(PouPuPio) Ia(Po1 Pro) I2(Poo)

L(PuPHTY) (PPl Pr) (PPl Pro) b(PuPl ™ Po) (PPl "Pro) ... 1(PoPro) 12(Po) 0
Io(P) (Pl Pyg) lo(Pf 2 Pig) L(PE3Py)  L(Pu)T™4Py) ... L(PuPo) b(Po) 0
0 0 0 0 0 0 0 I

PROOF. We prove this by induction:

First note that, by direct calculation, and the functoriality of s,

l5(Pon) l5(Poo) 0 0

la(PoPu1) la(Po1Pro) 12(Poo) O

GlGO =
L(PL)  Is(PiPp) b(Pyw) O
I

0 0 0

Now assume that for some k < T — 1,

l2(Por) l2(Poo) 0 0 0 0
la(PorPry) ls(PorPro) l5(Poo) 0 0 0
lZ(H)IPiZI) IZ(R)IPI,[PIU) ZZ(POLPM)) ZQ(HJ[)) 0 0

0 0

12<P01Pi31) 12<PU1P121P10) lZ(P(]lPllPlO) lZ<P01P10)
GG ...Go = ) ) ) )

L(PaPlY) b(Pu P Pro) (PP Pro) bo(Por P Pro) ... 12(Poo) 0

1(Pfy) L(Pf Puo) (P P) L(PE*Po) ... 1(Py) 0

0 0 0 0 0 I

Direct calculation, and the functoriality of I gives that

lo(Pon) I2(Poo) 0 0 0 0 0
l3(PorPr1) lo(Po1Pro) l5(Poo) 0 0 0 0
lo(PorPR)  lo(Por PuPuo) 15 (Po1Pio) 15(Poo) 0 0 0

0 0

1o(Po P lo( Py P P, lo(Po1 Py P lo(Po1 Py lo( P,
GrniGrGror . Go — 2( 0'1 v la(Po 'n 0) o Por ‘11 10) 2 0A1 10) 2( ‘00)
1o(PuPly) 1o(PuPfi ' Po) ba(Por Pl 2Py) (PPl *Pro) 1o(Pou Pl Pry) ... 12(Poo) 0
12(P1k1+1) lz(PﬁPm) lz(Plkfle) lz(Pfl'fZPu)) lz(Pu)k*SPw) ... la(Pp) 0

0 0 0 0 0 0 I

Our result thus follows by induction. O

Now note the similarity between the columns of this matrix (excluding the
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first column® ), and the summands of the resolution of P : X — X,
Resg(P) :P00+P01P10+P01P11P10+P01P121P10+---

(or rather, their image under the functor l5). This is the key to its action in
the proof of Theorem 19.

A matrix for block B

Proposition 22 Block B of Figure 9. produces the unitary map

B = Hyr oHyp_3...H Hy

l2(1300)]L l2(P10)Jr

where the matriz H, is given in terms of Up ' = by:

l2(P01)T l2<P11>]L

[2n—lx 0 0 O
0 lo(Pro)t la(Poo)t 0
H = 2(Pro)" 12(Foo) where ©=0,...,2(T —1)
la(Piy)T 1o(Poy)t 0
0 0 0 Iron_zon—1

PROOF. Note that the circuit for Up' modifies the oracle for the inverse
of the primitive evolution Up by flipping the most significant qubit (ie. the
start-halt qubit) of the output of Up. Therefore,

. lo(Pro) 12(Pog')
Up =
l(P") la(Pyh)

The proof that H, may be built up as shown in terms of controlled operations
on Up' is then almost identical to the proof of Proposition 20. O

Corollary 23 An explicit matrix for the unitary map B implemented by block
B s

> Readers familiar with the field of Algebraic Program Semantics will recognise
column 0. as providing the summands of a construction known as the Elgot Dagger
[36] — the usual program semantics representation of a “While” loop. An analysis
of this is beyond the scope of this paper.
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L(Pn PRt L(PouPAPu)t la(PorPuPro)f Is(Po1 Pyo)t Io(Poo)’

lz(Pm)T Zz(Poo)i 0 0 0 0 0 0
ly(Poy Pry)t Iy(Por Pro)' l2(Poo)’ 0 0 0 0 0
L(PoPE)t la(Po P Puo)t Io(Por Pro)' Iy(Poo)’ 0 0 0 0

0 0 0

L(Pa PR (PPl Pro)t Lo(Por P2 Pro)T (P P Pro)t (P P Pro)t ... la(PorPro)t 1a(Poo)t 0
L(PL) L(PL Pyo)t ly(Pf 2Pyt LPEPe)t L(Pn)TP0)t ... b(PuPo)! b(Po)! 0
0 0 0 0 0 0 0 I

PROQOF. The proof of this is sufficiently close to that of Corollary 21 not to
need reproducing separately. Simply replace the matrix

(/]; _ l2<P01) 12(P00)
ZQ(PH) l2(P10)

in the proof of Corollary 21 by the matrix

— (P la(Pog')
la(Pi') lo(Port)

The inductive step (and hence the full result) follows immediately. O

A matrix for block C

Proposition 24 Block C of Figure 9. produces the unitary map
C - K(]Kl cee KT72KT71

where the matrix K, is given in terms of

l2(POO)Jr 12<P10)T

Up~' =
1=
Io(Por)t lo(Pry)T
as follows:
Iyn-1, 0 0 0
0  ly(Pro) la(Pry)T 0
K, = 2(Fio)" &2(P1a) where =T —1,...,0
l2(Poo) 12(Por)' 0
0 0 0 Ipgn_yons
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PROOF. The circuit for Up modifies the oracle for the inverse of the prim-
itive evolution Up by flipping the most significant qubit (ie. the start-halt
qubit) of the output of Up. However, by contrast to blocks A and B, this
happens after Up is applied, rather than before. Direct calculation gives

0 — la(Pro) lo(Pr1)
lo(Poo) l2(For)

The proof that K, may be built up as shown in terms of controlled operations

on Up is again almost identical to the proof of Proposition 20. O

Corollary 25 An explicit matrixz for the unitary map C implemented by block
Cis

o(Pr) ba(PiiPro) ... L(Pu)T™4Py)  L(PPy) (P2 Py) (P Pyo) L(P) 0
15(Poo) lo(PorPro) --- 12(P01P17;75P10) (P Plj;irlPlo) 12(P01P17;73P10) l‘z(PmP]TfZPlo) Zz(Pmpljrl) 0
c 0 0 la(Poo) la(Po1 Pro) lIs(PuPuPo)  b(PuPhPo) bL(PuPy) 0
- 0 0 .. 0 12 (Poo) Ia(Po1 Pro) Iy(PotPiiP)  b(PuPh) 0
0 0 0 0 l5(Poo) l2(Po1 Pro) lo(Po1Pi1) O
0 0 . 0 0 0 1(Poo) (Po) 0
0 0o .. 0 0 0 0 0 I
PROOF. We again prove this by induction.
Direct calculation and functoriality gives that
1 0 0 0 0 1 0 0 0
0 lQ(PIO) ZZ(Pll)l2(P10) lQ(Pll)Q O 0 l2(P10) l2(P11P10) l2(P121)
KT—2KT—1 = O ZZ(POO) l2(P01)l2(P10) l2(P01)l2(P11) O = O lQ(POO) ZQ(P()lPlO) l2(P01P11)
0 0 lQ(POO) lQ(Pl()) 0 0 0 lQ(Poo) lQ(Pl())
0 0 0 1 0 0 0

(where the size of the identity blocks is implicit from the context).

Now assume that, for some T'— 1 > s > 0,
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10 0 0 e 0 0 0 0 0
07 0 0 e 0 0 0 0 0

0 0 ly(Po) lao(PiiPro) ... lo(Pn)KPy) lz(Pﬁ;ng) l2(P1A1'72P10) lz(P{fle) lo(PE)
00

K,...Kp oKp = ' ’ ’ B -
l2(Poo) la(Po1 Pio) L(PonPiuPo)  L(PaPhPo)  L(PaP)

00 0 0

00 0 0 0 I2(Poo) la(PorPro) L(PoPiiPro)  L(PoPh)
00 0 0 0 0 I2(Poo) la(PorPro) l2(PorPir)
00 0 0 0 0 0 12(Poo) 12(Por)
00 0 0 0 0 0 0 0

Direct calculation gives that Ko 1K, ... Kr o Kp | =

I 0 0 0 0 0 0 0 0 0
0 1(Pw) L(PiPo)  b(PY) ... LPWE 3Py L(PE 2P0 L(PE'Po) lo(PK Py) L(PEM™Y 0
0 1(Po) ba(PouPiw) la(PuPiuPio) ... (PP *Pw) b(PuPi?Pw) L(PuPf?Py) L(PuPfi>Pg) L(PuPi™) 0
0 0 I(Py)  1(PnPw) ... l(PuP °Pw) L(PnPl*Po) L(PuPi *Pw) L(PnP{ "Py) L(PnPf) 0
0 0 : : : : : : : :
0 0 0 0 l2(Poo) 1o (Po1 Pro) L(PorPiiPro)  L(PauPhPo)  L(PuPy) 0
0 0 0 0 0 1o(Poo) lo(Po1 Pro) L(PoPuPo)  b(PaPh) 0
0 0 0 0 0 0 l2(Poo) l5(Po1Pro) ly(PorPir) 0
0 0 0 0 0 0 0 Iy(Poo) la(Por) 0
0 0 0 0 0 0 0 0 0 Lot

Our result therefore follows by induction. O

Appendix III: finding an upper bound for termination by quantum
period-finding

A spectacularly successful technique in quantum computation is period-finding,
with the most celebrated example being Shor’s factorisation algorithm [43],
based on period-finding for modular exponential functions. We now demon-
strate how in certain cases, quantum period-finding may be useful for finding
an upper bound for the number of steps before termination of a frAM.

Definition 26 Given a bijection on a finite set f : X — X, the period of
F.(n) = f*(x) is the smallest non-zero integer K such that f.(K+r) = f.(r),
for all r € N. Equivalently, the period is the smallest K such that f%(z) = .
It is immediate that such an integer exists, by the finiteness of X.

Efficient quantum algorithms for finding such periods of such bijections may
be found in (for example) [41] p. 241, as an application of the quantum Fourier
transform, and the abelian hidden subgroup problem, using exactly one call
to an oracle for F,.

Lemma 27 Let M = (X, P,S) be a frAM. Then the period K of ps(n) =
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P"(s) is an upper bound T for the number of steps before termination in the

computation of {M}(s).

PROOQOF. Consider a start-halt configuration s € S C S. Then by definition
of the period K, PX¥(s) = s, and so P(s) € S. Therefore, K >T. O

Thus, given an arbitrary superposition of starting states Dm0 |s;) we may
calculate an appropriate upper bound for use in our algorithm using exactly r
calls to a suitable oracle. Note that there are numerous subtleties associated
with this — for example, although the period provides an upper bound for the
number of steps before termination, it does not (except for certain carefully-
crafted cases, e.g. abstract machines for modular exponentiation) provide the
least upper bound. Similarly, the naive scheme presented above appears to
require classical knowledge of the distinct branches in a superposition. The
author conjectures that this is not, in fact, an essential requirement: a detailed
study is work in progress [26].
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