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Summary. At the core of nearly every modern computer is a central processing
unit running the von Neumann architecture. This computer architecture gives com-
putationally universal machines, and non-trivial control structures arise naturally,
leading to high-level programming constructs.

At the core of the von Neumann architecture is the notion that program code
may be stored and manipulated in the same way as data. A datum describing an
operation may be stored and processed in the same way as any other form of data,
but may also be ‘promoted’ to an operation, and applied.

Classically, this is well-studied — particularly from a categorical point of view.
We consider such operations in the quantum setting, including Nielsen & Chuang’s
orthonormal encoding, Abramsky & Coecke’s categorical foundations, the BBC pro-
tocol, and the Choi-Jamio lkowsky correspondence.

Obstacles to a quantum analogue of the von Neumann architecture are also con-
sidered, including the no-cloning and no-deleting theorems, the ‘no-programming
principle’, and the Gottesman-Knill theorem.

1 Introduction

For impatient readers, the answer to the question posed in the title is, ‘No’.
Readers familiar with quantum information and computation, may well think
that the answer should be, ‘Of course not !’ — although our intention is to
prove that the question is more subtle than that. A more accurate, although
less concise, title for this paper would therefore be, “Why is the von Neumann
architecture so significant for classical computation, what are the differences
between quantum and classical information that mean classical computers can
implement the von Neumann architecture but quantum computers cannot, and
what are the implications of this for models of quantum computation and in-
formation?”

In order to answer these questions, we analyse the von Neumann archi-
tecture from a classical point of view, in order to decide what features give
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it both practical utility and computational power, and then consider whether
or not these essential features are shared by quantum systems.

In the classical world, the von Neumann architecture is ubiquitous. This is
partly for practical reasons; binary values, logic gates, and a global clock are
readily implementable via electronic circuits. However, it also bridges the gap
between theoretical notions of computer science, and the underlying physical
structures. Universality, programmability, compilation and higher-level con-
trol structures all arise in a natural way from the underlying architecture. All
these are key concepts of computing — and are much less well-established in
the quantum case.

Our claim is that the practical core of the von Neumann architecture is the
interchangability of code and data. This is a fundamental concept of theoret-
ical computer science, with close connections to formal logic and λ-calculus.
From the categorical point of view, the code/data correspondence is exactly
Cartesian closure — a special form of categorical closure. Quantum informa-
tion also admits code / data correspondences — we consider similarities and
differences, and their implications for machine architectures.

We emphasise that this paper is expository in the sense that results pre-
sented are generally well-known, or at least consequences of well-known theory.
The aim is to view this categorical picture through the frame of the von Neu-
mann architecture, and to consider implications from this very practical point
of view.

2 The von Neumann architecture

2.1 The origins of the vN architecture

In 1945, whilst on an extended stay at Los Alamos, J. von Neumann laid
out in formal logical terms the basic operating principles of the EDVAC com-
puter [78]. This was an (incomplete) draft report on the work of a team1

on a project by the University of Philadelphia for the U.S. Army Ballistics
Research Laboratory. Famously, this incomplete draft was widely distributed
by H. Goldstine, an army mathematician who had originally introduced von
Neumann to the project [19].

This distribution of an incomplete draft, listing von Neumann as sole
author, later caused considerable bad feeling within the EDVAC team (see
[10, 93, 72]), and it has been claimed [10] that von Neumann himself intended
for a final completed version to be jointly co-authored by the entire team.

The EDVAC computer itself did not become fully operational until 1951,
partly due to a dispute with the University of Philadelphia over intellectual
property and patent rights resulting from this prior publication [71]. However,

1 The team was lead by J. Mauchley and J. P. Eckert, with J. von Neumann acting
as a consultant. See [10] for details of the team members.
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when finally operational, the EDVAC computer was highly successful [10], and
the the general principles outlined in [78] have become an almost universally
accepted standard for processor design, known as the von Neuman, or vN,
architecture.

2.2 The fetch-execute cycle

Although technical details have changed beyond recognition (e.g. a significant
advance of the EDVAC machine was the use of acoustic waves in mercury-filled
tubes as a form of random-access memory [38]), the underlying principles of
the von Neumann architecture were spectacularly successful, and remain in
use today, in the form of the core operation of the Central Processing Unit of a
computer. This fetch-execute cycle is a simple iterative step, performed on ev-
ery clock cycle, that leads to the full range of behaviour of modern computers.

The fetch-execute step is as follows :

At the beginning of each cycle the program counter contains the value of a
memory location.

1. The CPU copies the contents of the memory location referenced by pro-
gram counter into the instruction register.

2. The data in the instruction register is decoded and the control unit per-
forms the action described. This may be :
a) Copy a value from memory into the accumulator.
b) Apply an instruction (logic gate) to the accumulator.
c) Copy the contents of the accumulator into a memory location.
d) Overwrite the contents of the program counter with a new value.

3. The program counter is then incremented (in order to address the next
instruction).

2.3 The utility of the von Neumann architecture

Practically, the vN architecture is significant for a number of reasons :

1. A computationally universal machine can be constructed. Up to memory
constraints, any computation that may be performed by a Turing machine
or the untyped lambda calculus may be performed on a von Neumann
computer.

2. Computers may be programmed — the program executed is dependent of
the contents of the computer memory, and no hardware reconfiguration is
required in order to run a different computer program.

3. Manipulation of program code in a similar manner to data allows for
branching, conditional execution, and subroutines. This opens the way to
meaningful control structures.
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4. Meaningful control structures allow high-level languages to be built on top
of the basic machine code, and the equal treatment of code and data allows
a von Neumann machine to run compilers, interpreters and assemblers.

Our interest in the vN architecture from a quantum-mechanical perspective
is in order to seek analogues of 1. — 4. above.

In terms of quantum computation, 1. has been intensively studied — we
consider this further in Section 13.1. Also, despite the current paucity of quan-
tum algorithms, 2. may become important at a later stage — we refer to [95]
for some interesting ideas regarding stored-code quantum computers.

In terms of languages and control structures, several high-level languages
for quantum computers have been proposed (see [34] for a survey). These
are generally based on a ‘classical control, quantum data’ paradigm, although
purely quantum (i.e. superposition-preserving – see Section 3.3) condition-
als have been proposed in [8, 40], and [53] considers control structures for
conditional iteration based on purely quantum control. However, a compar-
ison of [34] with any standard QM computation text (such as [42, 75, 80])
demonstrates that there are many more quantum programming languages
than quantum algorithms2.

This brings us to 4. In the classical world, this feature has become so deeply
ingrained into modern computing as to be almost invisible. The control struc-
tures and, to some extent, high-level languages, used in modern computation
arise naturally from the underlying structure of the vN architecture. It is this
feature that is of particular interest — that intuitive and useful structure
arises from the underlying architecture of computer processors.

Finally, our interest in higher-level languages and control structures is in
stark contrast to von Neumann’s attitude [72]. With regard to his FORTRAN
language, J. Backus recalls von Neumann as begin unimpressed, asking, “Why
would you want more than machine code?”. (See the title of [11] for a contrary
view!) D. Gillies also recalls von Neumann’s anger at his programming of the
first assembler, on the grounds that this was, ‘using a sophisticated scientific
tool to perform clerical tasks that could easily be carried out by graduate
students’ [72].

2 This comment is deliberately unfair, in that languages presented in [34] have been
designed for many purposes — including quantum communication protocols (of
which there are many), proving correctness of both protocols and algorithms,
formal proofs of security for quantum encryption and communication, &c. — and
none of them have the creation of new algorithms as a stated objective. However,
the point remains that going from quantum programming languages to quantum
programs is a highly non-trivial exercise.
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3 Relevant Quantum Information theory

3.1 Basic quantum information

We briefly reprise some fundamentals of quantum information and compu-
tation. No attempt is made to give a full or consistent exposition – we con-
centrate on the basic building blocks and properties relevant to this paper.
For a full introduction, we refer to either [40, 65, 80], and [18] for compre-
hensive mathematical background on complex Hilbert spaces. We also use a
pure state description, rather than considering mixed states, density matrices
and completely positive maps — any of the previous references will also give
a good exposition of this approach.

The atomic building-blocks of quantum information are quantum bits, or
qubits, norm-1 vectors in a 2-dimensional complex Hilbert space Qu. Con-
catenation of qubits is given by the tensor product of Hilbert spaces, so n
qubits are modelled by the 2n-dimensional space ⊗ni=1Qu. Spaces of this form
are called quantum registers of n qubits.

We will sometimes work in arbitrary finite-dimensional spaces, not just
tensor product spaces of qubits. Norm-1 vectors in such spaces are sometimes
known as qudits.

Operations on quantum registers are either unitary maps, or measure-
ments. A unitary map, describing the evolution of an isolated quantum sys-
tem, is simply an inner-product preserving linear isomorphism, and it is stan-
dard to talk about applying a unitary map to a quantum register. When given
as matrices, unitaries are exactly those invertible matrices whose inverse is
given by the complex conjugate.

A measurement is determined by a self-adjoint operator, or Hermitian ma-
trix. By the spectral decomposition theorem, every finite Hermitian matrix
has a unique decomposition as the sum of a complete set of projection op-
erators, and the corresponding subspaces are taken to be the experimental
outcomes of a measurement — we refer to [31] for details.

In quantum computation, as opposed to quantum mechanics generally,
Hilbert spaces are equipped with a fixed orthnormal basis, known as the com-
putational basis. Information-theoretically, this is a non-trivial step — the
specification of a computational basis may be considered as classical knowl-
edge about a quantum system.

A significant difference between quantum and classical information is the
phenomenon of entanglement. Given Hilbert spaces H,K, a vector ζ ∈ H⊗K
is called separable when it may be written as φ⊗ψ, for some φ ∈ H, ψ ∈ K,
and entangled otherwise. Entanglement gives rise to many of the counter-
intuitive and non-local effects of quantum mechancis, and is heavily studied.
It is this phenomenon that is widely believed to provide a computational ad-
vantage in using quantum-mechanical rather than classical computing devices
(We refer to [62] for analyses of the origins of speedup in quantum algorithms).
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3.2 Dirac notation, and measurement probabilities

An exceedingly useful formalism for manipulating quantum information is
Dirac notation. This is based on the (very categorical – see [5]) notion we
may work with linear maps only — instead of referring to a state vector
ψ ∈ H we consider the linear map |ψ〉 : C → H, defined in the natural way
as |ψ〉(z) = z.ψ. These linear maps are known as Ket vectors, and have duals,
the Bra vectors, which are linear maps (functionals) 〈φ| : H → C defined by
the condition that the composite 〈φ| ◦ |ψ〉, as a linear endomap of C, is the
inner product of φ and ψ.

The physical interpretation of this composite is one of the key points of
the Hilbert space formalism for quantum mechanics. Consider a state vector
ψ, and a measurement specified by the Hermitian operator ζ, and a vector ψ
which is an eigenstate of ζ. The probability of observing the state φ by the
measurement ζ is exactly the norm square of the above inner product, so

prob. of observing φ = |〈φ|ψ〉|2

Strictly, 〈φ|ψ〉 is a linear map from C to itself, given by multiplcation with
the inner product of φ and ψ. However, it is standard to abuse notation and
refer to the complex number 〈φ|ψ〉 ∈ C. Similarly, we refer to the state vector
|ψ〉 ∈ H, with the understanding that it is in fact a linear map.

3.3 Superpositions and Coherent operations

State vectors are norm-1 vectors in some Hilbert space H. Hence, given state
vectors |φ〉 and |ψ〉, the norm-1 vector |ζ〉 = α|φ〉 + β|ψ〉 is also a state vec-
tor, for all ‖α‖2 + ‖β‖2 = 1 — we say that |ζ〉 is a superposition of |φ〉 and
|ψ〉. The phenomenon of superposition is not uniquely quantum-mechanical
(e.g. it is a feature of classical wave-mechanics and linear optics, although
interpretations differ — see [27] for an early, but very readable account of su-
perposition). However, superposition-preserving processes form an important
part of quantum computation. From [73],

“Any quantum algorithm relies on the fact that if an arbitrary input

state |Φi〉 evolves to the final state |Ψi〉 then the superposition
P

i∈I αi|Φi〉
evolves as

P
i∈I αi|Φi〉 7→

P
i∈I αi|Ψi〉 ”.

This is also taken as the definition of ‘fully quantum’ in both the original spec-
ification of a quantum Turing machine [28], and subsequent criticisms of this
definition [77]. We refer to superposition-preserving processes as coherent.
Note that unitary processes are by definition coherent. However, these are
not the only coherent quantum processes; see [15, 16] for coherent processes
involving unitaries, measurements, and classically-conditioned operations.
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3.4 No-cloning, no-deleting, and and fan-out

Two important constraints on quantum information are the no-cloning and
no-deleting theorems.

The no-cloning theorem is due to [97] :

Theorem 1. Let |φ〉 be an arbitrary state vector in some Hilbert space H,
and let |e〉 be a fixed state in the same space. There does not exist a quantum
process that acts as |φ〉|e〉 7→ |φ〉|φ〉. �

The no-deleting theorem is not simply the dual of the no-cloning theorem
– rather, it states that an unknown quantum state cannot be deleted, even in
the presence of a copy3. The significantly simpler statement that an unknown
state cannot be deleted is known as no-erasure, and is a simple consequence
of linearity.

The no-deleting theorem is due to [81] :

Theorem 2. Let ψ〉 be an arbitrary state vector in some Hilbert space H, let
|e〉 be a fixed state vector, and let |A〉 be some ancilla. Then any quantum
process that acts as |ψ〉|ψ〉|A〉 7→ |ψ〉|e〉|Aψ〉, is simply (up to local unitary
operations) a swap map on the second and third subspaces. �

The presence of either copying or deleting operations in quantum systems
would allow for superluminal (i.e. faster-than light) signalling [82]. Thus, these
fundamental theorems of quantum information play an important rôle in en-
suring the consistency of quantum physics with classical relativity.

The-no-cloning and no-deleting theorems above state that arbitrary quan-
tum states cannot be copied or deleted. However, computational basis states
may be copied using the fan-out operation. Consider an n-dimensional space
H with computational basis {|0〉, . . . , |n−1〉}. The (general) fan-out operation
F : H⊗H → H⊗H is defined by its action on the computational basis states
as :

F (|i〉|j〉) = |i〉|i+ j (Mod n)〉

In particular, F (|k〉|0〉) = |k〉|k〉. However, this is not a general copying oper-
ation; given the superposition of two basis states, |φ〉 = α|j〉+ β|k〉, then

F (|φ〉|0〉) = α|j〉|j〉+ β|k〉|k〉 6= |φ〉|φ〉

3.5 Resource-sensitivity and the von Neumann architecture

Resource-sensitivity will prove a key point in understanding why a quantum
computer cannot implement the von Neumann architecture. On a very simple
3 The no-deleting property is what logicians would refer to as the failure of the con-

traction rule (see [84] for an in-depth discussion of this), whereas the no-cloning
property is a (special case of) failure of the weakening rule. These may be treated
separately (i.e. we may consider logics with weakening, but not contraction, or
vice versa), as in the field of substructural logics [85].
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level, there are several explicit copying or deleting steps listed in Section 2.2,
and these violate the no-cloning and no-deleting principles. A simple fix would
be to replace the irreversible step

• Copy a value from memory location x into the accumulator.

by the reversible step

• Swap the value in memory location x with the contents of the accumu-
lator.

and a similar change may be made to the

• Overwrite the contents of the program counter with a new value.

Replacing ‘copy’ and ‘overwrite’ by ‘swap’ is not the focus of this paper;
embeddings of irreversible computation into reversible computation have been
well-studied [14], including from a physical point of view [66]. The objection
is more fundamental, and has to do with the way that program code may be
stored and manipulated in the same way as data — and in particular, the
‘decode the data in the instruction register, and perform the action described’
step.

4 Data / code interchangeability, and Evaluation

Our claim is that the computational core of the von Neumann architecture is
the “interpret a byte as an operation” step – and this is exactly the step that
is problematic for quantum computation.

In the vN architecture, the datum in the arithmetic logic unit is inter-
preted as an instruction which may be applied to the contents of the data
register. This is a physical implementation of the notion that an object may
be ‘promoted’ to a function, and functions may be stored and manipulated in
the same way as any other data object (In Section 7.1 we show how this arises
from Currying, and, in general, the related property of monoidal closure).

In simple terms, the von Neumann architecture implements an Evaluation
operation: Consider a datum P of type Byte that specifies some operation
Θ : Byte→ Byte. We call P the name of Θ, and write P = pΘq. An evaluation
operation then takes the byte P , and another byte Q, and returns Θ(Q). At
the core of the von Neumann architecture is a physical process that implements
such an evaluation operation. Our aim is to consider how, or whether, such
an operation may be physically implemented in a quantum setting — with all
the implications this has for primitive machine architectures.

We will need to consider two variants of an evaluation operation :

1. Resource-sensitive evaluation (P,Q) 7→ Θ(Q).
2. Non- resource-sensitive evaluation (P,Q) 7→ (P,Θ(Q)).
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The most familiar form of evaulation is 2. above; in 1., the program code
is ‘consumed’ as the program is executed, which is certainly not a feature
of classical computation. From either a logical or category-theoretic point of
view, 1. is considered fundamental, and 2. arises from 1. in the presence of a
primitive copying operation — we say that a map (P,Q) 7→ (P,Θ(Q)) contains
an implicit copying step4. We thus need to bear in mind the essential resource-
sensitivity of quantum information (as in Section 3.4), and its implications for
evaluation operations.

4.1 Indirect addressing, and Evaluation operations

We have claimed that the core of the von Neumann architecture is the ‘Eval-
uation’ operation that promotes data to code. An alternative point of view is
that the power of the vN architecture arises from indirect addressing — i.e.
operations such as the, ‘copy the contents of the memory location referenced
by the program counter into the instruction register’ step in the fetch-execute
cycle. We now show that the existence of a suitable evaluation operation nat-
urally allows for indirect addressing.

Consider a quantum computer with a suitable evaluation operation (which
may, or may not exist !) Relative addressing may easily be implemented. Let
us assume the hypothetical quantum computer has

• n memory registers, M1, . . . ,Mn,
• a program counter register P,
• an instruction register I.

The complete ‘configuration space’ of this computer is thus the space

C = P ⊗ I ⊗M1 ⊗ . . .⊗Mn

The first question is, given the value |j〉 in the program counter register,
P, can we ‘copy the contents of the memory register Mj into the instruction
register I’ ? Of course, (as per Section 3.5), we cannot copy the contents of
Mj – nor can we irreversibly erase the contents of I. However, we can swap
the contents of Mj and I using a unitary operation5. Let us call this unitary
Loadj : C → C.
4 This statement is, of course, more general than formal. However, it may be for-

malised in a wide range of settings. In a logical setting, the observation that in
his semantic models implication is not primitive but contains an implicit copying
operation, famously motivated J.-Y. Girard’s Linear Logic [36, 37]. The connec-
tion between evaluation and logical rules is beyond the scope of this paper – we
refer to [29, 6] for logical interpretations of the particular structures presented,
in terms of linear logic operations.

5 The existence this swap is exactly the symmetry of the tensor product. For Hilbert
spaces H and K, there is a natural isomorphism σH,K : H ⊗ K → K ⊗ H. We
shall also see in Section 9.1 that the existence of such a symmetry is required
for a categorical treatment of evaluation — at least, in the quantum-mechanical
setting.
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Let us now assume the existence of a suitable evaluation operation, and
assume without loss of generality, that the name of the operation Loadj is
exactly the state |j〉 = pLoadjq. Applying the evaluation operation to the
contents of the program counter register then provides exactly the relative
addressing required.

The above discussion makes no mention of what would, or should, happen
when a superposition of values is held in the program counter register, or when
two registers of the quantum computer are entangled. These are questions that
need to be answered in a discussion of the general properties of a quantum-
mechanical evaluation operation.

We now consider, as a ‘toy example’, the simplest possible classical case,
and use this to motivate discussion of a quantum-mechanical form of evalua-
tion due to [79].

5 Evaluation in the one-bit computer

As a starting point we consider evaluation in the simplest possible case : the
one-bit classical computer. The data types are single bits, {0, 1}, and there
are exactly two program instructions :

The identity map : Id(b) = b
Negation : Not(b) = b+ 1 (Mod 2)

We let 0 be the name of the identity map, and 1 be the name of the negation
map, so the (non- resource-sensitive) evaluation map is an isomorphism that
takes pairs of bits to pairs of bits (Program,Data) → (Program, newData)
as shown in Figure 1. .

Fig. 1. Evaluation in the one-bit computer

Before After

Prog. Data Prog. Data

0 0 0 0
0 1 0 1
1 0 1 1
1 1 1 0

Thus the Eval operation for the one-bit computer is simply the (classical)
controlled-not logic gate. The quantum version of this logic gate is one of the
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basic building blocks of the quantum circuit model. It is therefore natural to
consider whether a general such evaluation operation may be implemented by
unitary maps.

6 Implementing evaluation by unitary operations ?

We now consider whether an ‘evaluation’ operation may be implemented using
unitary maps. However, as we are working in the finite-dimensional case, we
are forced to consider non- resource-sensitive evaluation : Consider quantum
registers C,D (the code and data registers). A resource-sensitive evaluation
operation would have type Evalrs : C ⊗D → D – but as C ⊗D and D have
different dimensions, no such unitary map can exist.

At this point, we should be suspicious. From a logical or category-theoretic
point of view, a non- resource-sensitive evaluation operation involves an im-
plicit copying step, and arbitrary quantum states cannot be copied.

This intuition is confirmed by the technique of ‘encoding unitary maps on
an orthonormal basis’, and the ‘no-programming theorem’, presented in [79].
We will see that unitary evaluation may exist, but the names of maps must be
computational basis vectors — recall that we cannot copy arbitrary quantum
states, but a form of copying (i.e. the fan-out operation of Section 3.4) exists
for computational basis vectors.

Definition 1. Unitary evaluation
Consider a family of unitary maps, U1, . . . , Uk : S → S that we wish to encode
as members of the (sufficiently large) quantum register R. We may encode
these as orthogonal vectors {ψ1, . . . , ψk}, and assume (without loss of gener-
ality) that this set of vectors is a subset of the computational basis of R.

The corresponding unitary evaluation operator EvalU is given by

EvalU =
k∑
i=0

|ψi〉〈ψi| ⊗ Ui

and this satisfies the condition

EvalU (ψi ⊗ s) = ψi ⊗ U(s) ∀s ∈ S , ψi ∈ {ψ1, ψ2, . . . , ψk}

When we take the quantum analogue of the 1-bit computer described above,
both the identity and qubit negation (defined on the computational basis as
Not(|0〉) = |1〉, Not(|1〉) = |0〉), may be implemented as unitary maps, so the
above prescription gives the quantum CNOT gate.

EvalU = CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


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6.1 A limit to unitary evaluation operations

It may be shown that at most n unitary maps may be encoded (with respect
to a unitary evaluation map), as orthonormal vectors, on an n-dimensional
space. The following theorem is based on that of [79] :

Theorem 3. The Nielsen-Chuang ‘no-programming’ theorem
Consider n distinct unitary maps U1, . . . Un : D → D. Let C be an n-
dimensional space, and let Eval : C ⊗ D → C ⊗ D be a unitary map that
satisfies

Eval(|ci〉 ⊗ |d〉) = |ci〉 ⊗ Ui(|d〉) , {|ci〉}ni=1 ⊆ C

Then

1. no non-trivial superposition α|ci〉+ β|cj〉 encodes a unitary map.
2. the vectors {ci}ni=1 are all orthogonal.

Taken together, these imply that at most n unitary maps may be encoded in
this way.

Proof. Assume that, for some complex α, β satisfying |α|2 + |β|2 = 1, the sum
α|ci〉+ β|cj〉 encodes a unitary map V , so for arbitrary |s〉 ∈ S,

Eval((α|ci〉+ β|cj〉)⊗ |s〉 = (α|ci〉+ β|cj〉)V (|s〉)

However, by linearity,

Eval((α|ci〉+ β|cj〉)⊗ |s〉) = αEval(|ci〉 ⊗ |s〉) + βEval(|cj〉 ⊗ |s〉)

= α|ci〉 ⊗ Ui(|s〉) + β|cj〉 ⊗ Uj(|s〉)

This may be factorised as (α|ci〉+ β|cj〉)⊗ V (|s〉) under any of the following
conditions :

• α = 0, in which case V = Uj
• β = 0, in which case V = Ui
• Uj(|s〉) = V (|s〉) = Ui(|s〉), for all |s〉 ∈ S.

Either the superposition is trivial, or Ui, Uj , and V are all the same unitary
operation. Using similar techniques, it may be shown that ci is orthogonal to
cj , for all i 6= j. �

The above negative result states that (in an entirely unitary, finite-
dimensional setting), operations may only be encoded on a fixed orthonormal
basis — taken, for convenience, to be the computational basis.

This is sometimes interpreted as stating that quantum computers cannot
operate on a ‘stored-code’ principle, since an n-dimensional Hilbert space H
can encode at most n unitary operations, whereas there are an infinite number
of distinct unitaries fromH to itself. In reality, practical proposals for quantum
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computation work with a small number of gates, up to a well-defined notion
of approximation [86].

A stronger critique is that there is nothing particularly ‘quantum’ about
the way operations are encoded — computational basis vectors may be freely
copied and deleted (via analogues of fan-out, Section 3.4), and are undisturbed
by measurements in the computational basis. This is used to make the much
stronger case that there is no advantage to storing program code as quantum
rather than classical information.

There are, of course, two loopholes in the above interpretation, if not
in the theorem itself. The first is that it only applies to finite-dimensional
spaces. This feature will be the joker in the pack throughout this paper :
many results presented (for both quantum and classical information) do not
hold in the infinite-dimensional case — this becomes particularly relevant in
Section 13.2. The second loophole is more practical : Theorem 3 above only
applies to unitary evaluation operations.

As well as the orthonormal basis encoding technique, [79] considers using
teleportation-like protocols to implement evaluation probabilistically, with ref-
erence to the Choi-Jamio lkowski correspondence [20, 56]. In [16] it is shown
how, in certain cases, the probability of success may be increased to 1 by using
unitary operations conditioned on the result of the measurement.

A post-selected form of teleportation, related to the Choi-Jamio lkowski
correspondence, is at the core of the ‘categorical foundations’ of quantum me-
chanics of [4]. We now take a categorical approach, and consider how evalua-
tion arises from general principles, in both the classical and quantum worlds.

To illustrate the general category theory, and to make a link with the
von Neumann architecture, we first present the theory of sets and functions.
We then use this to motivate the general theory of categorical closure, and
consider the particular form of categorical closure exhibited in the quantum
world.

7 Evaluation as Currying

From a theoretical computer science perspective, evaluation operations arise
from an abstract notion of Currying called categorical closure, and the theory
of (monoidal) closed categories. We first present the classical motivation based
on the theory of sets and functions (including logic gates and binary words as
a special case).

7.1 Evaluation with Sets and Functions

The informal setting for an Eval operation is where we can find a representa-
tion of a function between two sets as a single element of another set, and can
‘promote’ this to an operation to be applied. From either a category-theoretic
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or theoretical computer science point of view, this notion is not primitive but
arises naturally as a consequence of the structure of sets and functions —
notably the existence of Currying.

Definition 2. Cartesian products, Currying
Given sets A and B, their Cartesian product is the set defined by

A×B = {(a, b) : A ∈ A , b ∈ B}

Given a function f : X × Y → Z, Currying is simply the process of, for each
element x ∈ X, defining a function fx : Y → Z by fx(y) = f(x, y).

Let us use categorical notation (formal definitions follow in Section 8). The
category of sets, Set has the (proper class of) all sets as its objects, denoted
Ob(Set). Between any two objects A,B ∈ Ob(Set) is the collection of arrows,
Set(A,B). These are simply the functions from A to B.

For any sets A,B ∈ Ob(Set),

1. the collection of all functions from A to B is itself a set, that we denote
[A→ B] ∈ Ob(Set).

2. the Cartesian product of A and B is itself a set A×B ∈ Ob(Set).

The existence of Currying can then be expressed succinctly, as

Set(A×B,C) ∼= Set(A, [B → C])

Now consider the one-object set I = {∗}. It is immediate that for all sets X,

I ×X ∼= X ∼= X × I

since there is an obvious bijection between {(x, ∗) : x ∈ X} and X itself.

Hence,
Set(A,B) ∼= Set(I ×A,B)

and by Currying,
Set(A,B) ∼= Set(I, [A→ B])

Finally, for all sets X,
[I → X] ∼= X

since for all x ∈ X, we have the function ιx : {∗} → X defined by ι(∗) = x.

Hence, Currying and the properties of the one-object set give the bijection
Set(A,B) ∼= Set(I, [A→ B]) — that is, the existence of representations of
functions from A to B as elements of some set. This formalises the intuitive
notion of the ‘name’ of an operation (from Section 4), at least in the category
of sets and functions.

Definition 3. Given a function g : A→ B we refer to the arrow pgq : {∗} →
[A → B] (or equivalently, the corresponding element of [A → B], considered
as a set) as the name of the function g.
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7.2 Is any of this non-trivial ?

It may be objected that the above manipulations are trivialities — this is
to some extent correct6. Of more interest is the strong similarity, between
I ×X ∼= X ∼= X × I and the Hilbert space identity C⊗H ∼= H ∼= H ⊗ C.
In particular (as formalised in [5]) the identity [I → X] ∼= X is strongly
reminiscent of Dirac notation, so ιx : {∗} → X is the direct analogue of a Ket
|ψ〉 : C → H.

In order to consider similarities and differences more closely, we now to
take the category-theoretic approach seriously, rather than simply as a form
of notation.

8 Basic category theory

As with the section on basic quantum information (Section 3.1), we make no
attempt to given anything approaching a comprehensive account of category
theory — rather we pick and choose (and to some extent, simplify7) topics
relevant to our discussion. A comprehensive account may be found in [74], with
a physics-oriented approach given by [35]. We also refer to [67] for connections
between category theory, logic and lambda calculus, and [13] for a computer
science perspective.

Definition 4. Categories
A category C has a class of objects, denoted Ob(C), and between any two
objects X,Y ∈ Ob(C) is a set of arrows, denoted C(X,Y ). We often write
f : X → Y for f ∈ C(X,Y ), when the category C is clear from the context.

Arrows f ∈ C(X,Y ) and g ∈ C(Y,Z) may be composed, giving gf ∈
C(X,Z), and composition is associative, so h(gf) = (hg)f . For each object
Y ∈ Ob(C) there is also an identity arrow 1Y ∈ C(Y, Y ) satisfying 1Y f = f
and g1Y = g.

As a category C may have a proper class of objects, we cannot use set-
theoretic operations on its objects. However, we may define – for example –
the category of Sets to have all sets as objects, where the arrows Set(X,Y )
are exactly the set-theoretic functions f : X → Y .
6 We refer to [58] for P. Freyd’s perhaps controversial suggestion that the real

function of category theory is to demonstrate that the trivial parts of mathematics
are trivial for trivial reasons. Another point of view is that it allows us to formalise
similarities and differences between the behaviour of mathematical structures —
and we have a special interest in comparing the behaviour of Sets and Hilbert
spaces.

7 In particular, we will refer to indexed families of arrows in a category as ‘natural’,
without giving a formal definition. We refer to [74] for natural families as com-
ponents of natural transformations, and [21] for an exposition without explicit
reference to natural transformations.
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8.1 New categories from old

The following operations on categories will be useful :

Definition 5. Opposite categories, product categories
Given a category C, its opposite category Cop has the same objects, and
the set of arrows Cop(X,Y ) is exactly the set of arrows C(Y,X). Given f ∈
Cop(Y,X) and g ∈ Cop(Z, Y ), the arrow fg ∈ Cop(Z,X) is exactly the
composite gf ∈ C(X,Z).

Given categories C,D, the product category is defined to have, as ob-
jects, all pairs (X,A), where X ∈ Ob(C) and A ∈ Ob(D). Similarly, an arrow
f : (X,A) → (Y,B) is just a pair f = (f1, f2), where f1 : X → Y and
f2 : A→ B.

Intuitively, the opposite category Cop may be thought of as ‘taking the
category C, and reversing all the arrows’ — although a simple step, this gives
many interesting dualities of mathematics (such as Stone dualities between
topological spaces and lattices [57], and Pontryagin duality [87]). Also, for
every definition or theorem in category theory, we derive a dual definition or
theorem by moving to the dual category.

8.2 Structure-preserving maps between categories

As well as categories themselves, it is natural to define structure-preserving
maps between categories.

Definition 6. Functors, adjoint pairs
A functor between categories Γ : C → D is a map that assigns

• to each object X ∈ Ob(C), an object Γ (X) ∈ Ob(D),
• to each arrow f ∈ C(X,Y ), an arrow Γ (f) ∈ D(Γ (X), Γ (Y )).

Functors are required to ‘preserve the categorical structure’ in that for all
f ∈ C(X,Y ) and g ∈ C(Y,Z),

Γ (g)Γ (f) = Γ (gf) ∈ D(Γ (X), Γ (Z)) and Γ (1Y ) = 1Γ (Y )

Much of category theory is built on the notion of adjointness. Two functors
Γ : C → D and ∆ : D → C are said to form an adjoint pair when, for all
X ∈ Ob(C) and Y ∈ Ob(D), there exists a natural bijection

C(X,∆(Y )) ∼= D(Γ (X), Y )

We say that Γ is left adjoint to ∆, or equivalently, that ∆ is right adjoint
to Γ .
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Adjointness is a generalisation of the order-theoretic notion of Galois connec-
tions – indeed, partially ordered sets are themselves categories, and Galois
connections are a special case of adjoint functors. The terminology ‘adjoint’
comes from the notion of the adjoint of a continuous linear map of Hilbert
spaces, defined by 〈L(φ)|ψ〉 = 〈φ|L∗(ψ)〉.

A very practical tool in this field is Freyd’s adjoint functor theorem that
characterises when a given functor has a left (or, by working in the opposite
category, a right) adjoint. In [74] it is demonstrated how the tensor product
of Abelian groups may be derived, and [53] uses similar techniques to deduce
the existence of a tensor product in a very different setting.

For our purposes, adjoint functors will play a key rôle in defining categorical
closure, giving the general category-theoretic approach to evaluation.

8.3 Monoidal categories

A monoidal tensor for a category is a general notion covering operations such
as the Cartesian product of sets and functions, the tensor product or direct
sum of Hilbert spaces, disjoint union of Relations, &c. We follow the treatment
given in in [74].

Definition 7. Symmetric monoidal categories
A monoidal category is defined to be a category C, together with a functor
⊗ : C×C → C that satisfies, for all A,B,C ∈ Ob(C) :

• Unit objects There exists I ∈ Ob(C) satisfying I ⊗A ∼= A ∼= A⊗ I.
• Associativity A⊗ (B ⊗ C) ∼= (A⊗B)⊗ C.

If a monoidal category satisfies the additional condition

• symmetry A⊗B ∼= B ⊗A.

it is called a symmetric monoidal category.

The isomorphisms above are required to be natural, and to satisfy vari-
ous coherence conditions. However, MacLane’s coherence theorems [74] mean
that these conditions can generally be ignored with no harmful side-effects. In
particular, we treat the associativity isomorphism A⊗ (B⊗C) ∼= (A⊗B)⊗C
2. as though it were a strict identity.

From a strongly category-theoretic point of view, monoidal tensors may
often be characterised by universal properties that they satisfy, without ex-
plicit reference to their behaviour on (for example) elements of some set of
objects. For example, The Cartesian product of sets and functions may be
characterised as a categorical product, as follows :

Definition 8. Products
Let (C,⊗) be a monoidal category. The monoidal tensor ⊗ is a product
when, for all objects X1, X2 ∈ Ob(C) there exist arrows
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X1 X1 ⊗X2
π1oo π2 // X2

such that, for all arrows f1 ∈ C(Y,X1) and f2 ∈ C(Y,X2) there exists a unique
arrow 〈f1, f2〉 ∈ C(Y,X1 ⊗X2) making the following diagram commute :

Y
f1

zzuuuuuuuuuu
f2

$$I
IIIIIIIII

〈f1,f2〉
��

X1 X1 ⊗X2π1
oo

π2
// X2

Recall that by considering the dual category, we may derive a dual definition.
Reversing all the arrows in the diagram above gives the following :

Definition 9. Coproducts
Let C,⊗ be a monoidal category. The monoidal tensor ⊗ is a coproduct
when, for all objects X1, X2 ∈ Ob(C) there exist arrows

X1
ι1 // X1 ⊗X2 X2

ι2oo

such that, for all arrows f1 ∈ C(X1, Y ) and f2 ∈ C(X2, Y ) there exists a unique
arrow [f1, f2] ∈ C(X1 ⊗X2, Y ) that makes the following diagram commute :

Y

X1 ι1
//

f1

::uuuuuuuuuu
X1 ⊗X2

[f1,f2]

OO

X2ι2
oo

f2

ddIIIIIIIIII

Examples

The Cartesian product of sets and functions is, as noted above, a categorical
product. Dually, the disjoint union of sets and functions is a categorical co-
product. The direct sum of Hilbert spaces is both a product, and a coproduct
(and hence a biproduct). The tensor product of Hilbert spaces is neither a
product nor a coproduct — however, it may also be defined in terms of a
universal property, as we now show.

8.4 (Monoidal) closed categories

The most general setting for a correspondence between objects and arrows in a
category, and evaluation operations, is the field of closed categories [30, 68, 69].
We do not attempt an exposition of this, but work with the special case of
monoidal closed categories — partly for simplicity, and partly because the
specific examples we wish to consider are monoidal closed rather than simply
closed.



The quantum code-data distinction 19

Definition 10. Monoidal closed categories
Let (C,⊗) be a monoidal category. We say that it is monoidal closed when
there exists a functor

[ , ] : Cop ×C → C

called the internal hom functor, such that for fixed B ∈ Ob(C), the functors
given by

[B, ] : C → C and ⊗B : C → C

form an adjoint pair.

This definition, although concise, is relatively abstract (and is only strictly
accurate in the symmetric monoidal case). The following characterisations
make a link to both an abstract form of Currying, and evaluation maps.

Theorem 4. The following are equivalent to the definition of a monoidal
closed category, in Definition 10 above :

1. There exists an internal hom. functor

[ , ] : Cop ×C → C

satisfying
C(A⊗B,C) ∼= C(B, [A→ C])

2. For every pair of objects A,B ∈ Ob(C), there exists
• an object [A→ B],
• an arrow evA,B ∈ C(A⊗ [A→ B], B)
where, for all f : A ⊗ X → B, there exists unique g ∈ C(X, [A → B])
such that the following diagram commutes :

A⊗X
f //

1A⊗g &&NNNNNNNNNNN B

A⊗ [A→ B]

evA,B

OO

Proof. Proofs may be found in any text on category theory or categorical logic
(e.g. [74, 67]). �

Part 1. of Theorem 4 above provides the link with an abstract notion of
Currying, and part 2. of the same theorem demonstrates that this is equivalent
to the existence of an evaluation map satisfying the expected properties.

9 Categorical closure and Hilbert spaces

We now describe the particular form of compact closure exhibited by the
category of (finite-dimensional) Hilbert spaces and linear maps, and its inter-
pretation as quantum-mechancial protocols.
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It has long been known that the collection of all linear maps between (finite-
dimensional) Hilbert spaces H,K is itself a Hilbert space. This is a reflection
of the categorical closure of the category of finite-dimensional Hilbert spaces –
however, the categorical closure is of a particularly simple form. We first give
an abstract exposition of this form of closure, including Hilbert spaces as a
concrete example, and then give an overview of the ‘categorical foundations’
approach to quantum mechanics of [4].

9.1 Compact closed categories

Definition 11. Compact closure
A symmetric monoidal category (C,⊗) is called compact closed when, for
all A ∈ Ob(C), there exists a dual object A∗ ∈ Ob(C) such that the functor
A⊗ : C → C is left adjoint to the functor A∗ ⊗ .

Although this definition is category-theoretically elegant — particularly when
viewed as 2-category theory [63] — for our purposes it will be easier to work
with the following characterisation, also given given in [63] :

Theorem 5. A symmetric monoidal category (C,⊗) is compact closed when,
for every object A ∈ Ob(C), there exists a dual object A∗ ∈ Ob(C) together
with distinguished arrows

• The unit arrow εA : A⊗A∗ → I
• The counit arrow ηA : I → A∗ ⊗A

that satisfy

λ(εA⊗1A)(1A⊗ηA)ρ−1 = 1A and dually, ρA∗(1A∗⊗εA)(ηA⊗1A∗)λ−1
A∗ = 1A∗

Using the diagrammatic notation of [59, 60, 61], this may be drawn as shown
in Figure 2. .

The dual operation on objects ( )∗, together with the unit and counit
arrows may be used to define the dual on arrows. Given f ∈ C(A,B), then
F ∗ ∈ C(B∗, A∗) is defined by

f∗ = (1A∗ ⊗ εB)(1A∗ ⊗ f ⊗ 1B∗)(ηA ⊗ 1B∗) : B∗ → A∗

Diagrammatically, this is as shown in Figure 3. .
Note that in a compact closed category, the arrows ηA and µA are dual,

so η∗A = εA.

9.2 The internal hom and names in compact closed categories

Compact closed categories have a particularly simple description of both the
internal hom object, and names of arrows.
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Fig. 2. Axioms for compact closure

A // A

·−→I

A∗

I−→·

= A
idA // A

A // A

and dually,

A∗

I−→·

// A∗

A

·−→I

= A∗
idA∗ // A∗

A∗ // A∗

Note that (following the usual convention) the above diagrams omit the unit
object isomorphisms A ∼= A⊗ I, &c.

Fig. 3. The dual operation on arrows

A∗

I−→·

1A∗ // A∗

A
f // B

·−→I

B∗
1B∗

// B∗

Theorem 6. Let (C,⊗, ε, η) be a compact closed category, with A,B ∈ Ob(C).
Then

• The internal hom is given by [A→ B] = B ⊗A∗.
• Given an arrow f ∈ C(A,B), its name pfq : I → B ⊗ A∗ is given, up to

a symmetry map, by
pfq = (1∗A ⊗ f)ηA

Using the same diagrammatic notation as previously, the name of an arrow f
is given by
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A∗

I−→·

1A∗ // A∗

A
f // B

Note that both the ability to name arrows, and the adjunction giving monoidal
closure, rely on the existence of symmetry isomorphisms σX,Y : X ⊗ Y →
Y ⊗ X. We refer to [91] for categories satisfying similar axioms, but with a
weaker symmetry condition — these are not, in general, closed.

Definition 12. conames - the dual notion to names
In compact closed categories — by contrast to monoidal closed categories gen-
erally — there is a dual notion to naming; that of the coname of an arrow.
Given an arrow f ∈ C(A,B), the coname is an arrow xfy ∈ C([X,Y ], I)
given (dually to Theorem 6) by xfy = εB(f ⊗ 1B∗).

To see that conames do not exist in all monoidal closed categories, consider
the category of sets and functions — here, for any set X, there exists exactly
one function in Set(X, {∗}). This is a strong, and indeed significant, differ-
ence between the behaviour of evaluation for Sets and functions, and Hilbert
spaces and linear maps. This difference accounts for the different behaviour
of classical and quantum systems8 given in Section 12.

9.3 Compact closure and Hilbert spaces

It has long been known that finite-dimensional Hilbert spaces are a canonical
example of compact closed categories – and equally, Hilbert spaces in the
general setting (i.e. allowing for infinite-dimensional spaces) are not compact
closed [2].

Let us denote the category of finite-dimensional Hilbert spaces by Hilbfd.
Arrows are linear maps (and hence, as we are working in the finite-dimensional
case, both bounded and continuous), and we use the tensor product as the
monoidal tensor.

Compact closure is easily exhibited. Consider a space H, with orthonormal
basis {ej}Nj=1. Objects are self-dual, so H∗ = H, and the unit and counit
arrows ε : H ⊗H → C and ηH : C → H ⊗H are given (using Dirac notation)
by

εH =
N∑
j=1

〈ejej | : H ⊗H → C and ηH =
N∑
j=1

|ejej〉 : C → H ⊗H

8 We emphasise that, although the category Set does not admit conames, they are
by no means an exclusively quantum phenomenon — rather, they are simply a
property associated with compact closure. For example, [47] uses compact closure
in modelling classical Turing machines.
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It is straightforward to check that the axioms of Definition 11 are satisfied.
The compact closure of Hilbert space, and its physical interpretation in

terms of teleportation protocols, is at the core of Abramsky and Coecke’s
‘categorical foundations’ program for quantum mechanics [4]. We consider
this in from Section 10 onwards, but first characterise states that are the
names of unitary maps.

9.4 Naming unitary maps

Our ultimate aim is to describe what the state-map correspondence given
by the categorical foundations program and the compact closure of finite-
dimensional Hilbert space can tell us about the existence, or otherwise, of
quantum-mechanical versions of evaluation. From the motivation given in Sec-
tions 3.1 and 3.3, we are particularly interested in coherent quantum opera-
tions.

We now consider the state / map correspondence provided by the compact
closure. We emphasise that this is not original to this paper. It is given ex-
plicitly in [4], and is implicit in the Choi-Jamio lkowsi correspondence between
density matrices and completely positive maps [20, 56, 90].

Unwinding the definition of the name in a compact closed category
gives a 1:1 correspondence between arrows Hilbfd(C,H ⊗ H), and arrows
Hilbfd(H,H). Let us chose an orthonormal basis {ei}Ni=1 for H, and consider
a linear map described as a matrix M = (mij)Ni,j=1 on this basis. For any such
matrix M we may define pMq ∈ Hilbfd(C,H ⊗H) by

pMq =
1√
N

N∑
α,β=1

mαβ(|eα〉 ⊗ |eβ〉)

This naming operation is invertible; consider a vector ψ ∈ H ⊗ H. Then
ψ = pLq, where

L =

 l11 . . . l1N
. . . . . .
lN1 . . . lNN


satisfies

lij =
√
N〈ei ⊗ ej |ψ〉

Given this explicit description, it is clear that arbitrary linear maps on H
may be named. We now characterise those states that name unitary maps :

Theorem 7. The pure states that name unitary maps U : H → H are exactly
the maximally entangled states of H ⊗H.

Proof. In order not to disrupt the expository flow of this paper, the proof of
this result is given in Appendix A.
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9.5 The Choi-Jamio lkowski correspondence

The correspondence between states and linear maps is a special case of
the Choi - Jamio lkowski correspondence between completely positive
maps and density matrices, discovered independently by M. Choi [20] and A.
Jamio lkowsky [56]. As our exposition is in terms of pure states and unitary
maps, rather than the more general density matrices and completely positive
maps, so have given the correspondence in this restricted case, following [4].

It is demonstrated in [90] that the category of density matrices and com-
pletely positive maps is compact closed, and the state corresponding to a
completely positive map under the Choi-Jamio lkowski correspondence is ex-
actly the name of that map.

Finally, the connection between teleportation and the Choi-Jamio lkowski
correspondence had been commented on (although not explored in detail) in
[79]. The interpretation of teleportation as compact closure was developed in
the categorical foundations program of [4].

10 Abramsky & Coecke’s categorical foundations for
quantum mechanics

As with the introductory sections on both quantum information and category
theory, we make no attempt to give a coherent account or consistent history of
the categorical foundations program – rather, we concentrate on those topics
relevant to our interest in evaluation operations and the von Neumann archi-
tecture. We refer to [4, 5, 22, 23] for details, and other articles in this volumn
for the current state of research.

10.1 Teleportation, traditionally

The traditional description of teleportation is as follows : Alice has a quantum
bit |ψ〉 = α|0〉 + β|1〉 that she wishes to send to Bob. Alice is spatially
separated from Bob, but they had previously shared a maximally entangled
pair of particles |Bell〉 = 1√

2
(|00〉 + |11〉). This gives the overall state of the

system as |ψ〉 ⊗ |Bell〉 =

1√
2

(α|0〉+ β|1〉)⊗ (|00〉+ |11〉) =
α√
2

(|000〉+ |011〉) +
β√
2

(|100〉+ |111〉)

Alice then performs a measurement of her subsystem (i.e. the qubit |ψ, to-
gether with her half of the maximally entangled pair |Bell〉) against a maxi-
mally entangled basis that contains the Bell state.

Let us assume that Alice observes the state Bell. Bashing through the
appropriate Hilbert space calculations will demonstrate that the system is
now in the overall state α√

2
(|000〉+ |110〉) + β√

2
(|001〉+ |111〉. Of course, this
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factorises as 1√
2
(|00〉+ |11〉)(α|〉+ β|1〉) — that is, Bob now has the quantum

bit |ψ〉 = α|0〉+ β|1〉.
This is not the whole story — The probability of Alice observing the

correct measurement result is 1
4 . If Alice observes a different state, she must

inform Bob, via a classical communication channel, of the state she observed.
Bob may then apply a 1-qubit unitary map to the state he holds, in order to
recover |ψ〉.

We consider unitary corrections in Section 11.2. For the moment, we are
satisfied with a post-selected version of the above protocol — that is, if Alice
observe the ‘incorrect’ outcome, the experiment is abandoned9.

10.2 Teleportation, categorically

In the categorical foundations approach [4], the preparation of the Bell-state
is modelled by the unit of a compact closed category, so the Bell state is
simply the name of the identity map. Its dual, the counit, is an observation
that results in the Bell basis. The postselected teleportation protocol is then
simply the defining axiom for a compact closed category :

H //

ALICE

H

·−→I

H

I−→·

= H
1H // H

BOB H // H

A natural question now is, ‘what happens when the state preparation, and
measurement, are not based on names of the identity, but on names of other
unitary maps ?’. It is demonstrated in [16] that when some other entangled
resource is used in place of the Bell state, the teleportation protocol can,
‘apply a unitary to |ψ〉 on its way from Alice to Bob’.

In the categorical foundations approach, this is the following : instead of
using the unit εH = p1Hq and counit η = x1Hy, let us use the name and
coname of some unitary maps U, V : H → H, giving (via the definition of the
name and coname) the result shown in Figure 4. .

Note (as emphasised in [22]) the apparently acausal order of application on
the right hand side. Chronologically, the preparation of the state pUq happens
first, then a measurement is made resulting in the state xV y. However, when
a state |ψ〉 is teleported using this arrangement, the result is UV (|ψ〉) – i.e.
V is applied first, followed by U .
9 Even this post-selected version requires classical communication, in order to tell

Bob when to give up on the experiment. The requirement for classical communi-
cation in teleportation protocols is important to prevent teleportation being used
for superluminal signalling.
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Fig. 4. Applying maps via teleporation (categorically)

H // H

xV y

H

pUq

= H
UV // H

H // H

11 Evaluation by teleportation, and the vN architecture

11.1 The story so far

So far, we have seen that ‘evaluation’ is the key part of the von Neumann
architecture (Section 4). The only possible competition for this rôle is ‘relative
addressing’, and we have seen in Section 4.1 that this arises quite naturally
from evaluation. We have also seen that evaluation is a categorical property
that arises from monoidal closure — an abstract form of Currying, and the
notion of naming an arrow.

The link with quantum mechanics follows from the categorical foundations
program where compact closed categories are not only used, but are a key part
of the program. Physically, compact closure is interpreted as the teleportation
protocol of [15], and in general, the implementing a logic gate by teleportation
of [16]. This strongly suggests that a (resource-sensitive) form of evaluation is
available, and may be implemented in the quantum world. Modulo questions
of reversibility and resource-sensitivity, can we therefore describe some form
of von Neumann architecture for quantum computers ?

The question that this section aims to answer is therefore:

“Can we apply an unknown unitary map to a quantum state?”

The ‘unknown unitary map’ is given as a quantum resource – i.e. we are given
its name10; a maximally entangled state vector pUq ∈ H ⊗H. Our question
now is, given pUq ∈ H ⊗ H, and a state vector |ψ〉 ∈ H, can we reliably
produce U(|ψ〉) ∈ H ?

10 A natural question at this point is,‘why not give the unknown map as a coname,
rather than a name? From the physical interpretation of Section 10.2, a coname is
interpreted as a (successful) measurement; that is, it is derived from a classically
determined measurement apparatus. It is hard to see how we may go from an
arbitrary quantum state to a measurement against some basis containing that
state — thus the coname can only be given as classical information.
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11.2 Postselection, and unitary corrections

Recall how, as shown in Figure 4. , unitary maps may be applied using a
teleportation protocol. By letting the name in this diagram be our ‘unknown
map’, and taking the coname to be the coname of the identity, we are able to
apply our unknown map to an arbitrary state |ψ〉 ∈ H.

Unfortunately, as it stands, this diagram describes a post-selected proto-
col; if the measurement at does not yield the required result (i.e the coname
of the identity) we abandon the experiment and start again. Unfortunately,
the experimenter has no control over the actual result of measurement — at
best, he may specify a complete maximally entangled orthonormal basis set
{pVjq}j=1...n2 ⊆ H ⊗H, and measure against that. Thus, when working with
a single qubit, we expect to observe the ‘correct’ outcome with a probability
of 1

4 .
This feature is why [79] refer to evaluation via teleportation protocols

as ‘probabilistic evaluation’. However, in the original teleportation protocol,
[15], Bob applies a unitary operation to correct for this ‘incorrect experimental
outcome’. In [16], it is demonstrated how a similar technique can be used to
implement certain quantum logic gates, with probability 1.

In the categorical foundations model, as presented in [4], the classical in-
formation flow and conditioning of a unitary correction on the result of a
measurement are modelled using biproducts and canonical distributivity and
associativity isomorphisms. We do not give an exposition of the categorical
treatment of classical information here (see [23] for more details), but simply
consider under what conditions a unitary correction may be applied, to give
the desired result.

With a unitary correction, Figure 4. becomes as shown in Figure 5. Of

Fig. 5. Application by teleportation, with unitary correction
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course, what we wish to apply is the unitary U : H → H, rather than the
composite CUV : H → H — thus we need conditions for these two to be
equal. The most general solution is C = UV −1U−1 : H → H — however,
C is a classically determined correction, and there is no classical information
available about the operation U itself (from a von Neumann architecture point
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of view, it may have been loaded into some ‘quantum instruction register’ from
memory, and be the outcome of some previous quantum computation).

Therefore, the unitary C : H → H may be conditioned on the measure-
ment outcome xV y, but cannot be dependent on U . This immediately imposes
a restriction on the class of unitaries that may be implemented by teleporta-
tion.

It is immediate that operations that commute with all members of {Vj}n
2

j=1

may be implemented deterministically, simply by taking C = V −1. Slightly
more generally, let us assume (without loss of generality — see Section 11.3
below) that {Vj}n

2

j=1 form a group G. In this case, we may implement the
group C of unitary operations that satisfy V −1

j UVj ∈ C, for all Vj ∈ G and
U ∈ C.

Thus we cannot deterministically implement all unitary maps in using a
teleportation protocol — the question now is : how severe is this restriction,
and can we still do useful quantum computation ?

11.3 Choosing a measurement basis

The only choice the experimenter has in the protocol shown in Figure 5. is
the choice of measurement basis — this must be a maximally entangled basis
set for H⊗H. As noted above, the basic assumption is that we have no infor-
mation about the unitary map U , so in the general case there is no particular
reason to favour one maximally entangled orthonormal basis over another. In
any case, they are all equivalent up to some unitary isomorphism.

In a more explicitly computational setting, let us assume that H is the
tensor product of a number of qubits. In this case, for both experimental and
theoretical reasons, it is common to choose a basis based on the Pauli group.

Definition 13. Pauli groups, Bell basis
Consider the 2-dimensional Hilbert space of qubits Qu, with orthonormal basis
{|0〉, |1〉}. The (1-qubit) Pauli group G1 that acts on Qu consists of the
following unitary operations (given as matrices)

I =
(

1 0
0 1

)
, X =

(
0 1
1 0

)
, Y =

(
0 −i
i 0

)
, Z =

(
1 0
0 −1

)
The names of these operations form a (maximally entangled) orthonormal
basis for the space Qu⊗Qu called the Bell basis.

In general, the Pauli group Gn is the n-fold tensor product of G, so
Gn = {⊗nj=1Wj : Wj ∈ G1}. Note that the names of the members of Gn also
form a maximally entangled orthonormal basis for the space ⊗j = 1nQu

Physically, Pauli matrices correspond to the observables of spin 1
2 particles —

i.e. fermions such as protons, neutrons, &c. The names of Pauli group opera-
tions also form a very convenient maximally entangled basis for teleportation
experiments, because of the following property :
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Proposition 1. Let U be a member of the Pauli group Gn, and consider |ψ〉 ∈
⊗nj=1Qu. Then, experimentally, U(|ψ〉) may be realised by 1-qubit operations.

Proof. This is immediate from the definition of Gn as the tensor product of a
number of copies of G1. �

Corollary 1. When using the names of the Pauli group Gn as the measure-
ment basis for a teleportation protocol (as shown in Figure 5. ), the required
unitary corrections may be carried out as a series of 1-qubit operations.

Corollary 2. When using the names of the Pauli group Gn in a teleportation
protocol, the operations that may be implemented deterministically are exactly
the group Cn of operations that satisfy Cn = G−1

n CnGn.

11.4 The Clifford group, and the Gottesman-Knill theorem

The group specified in Corollary 2 above is well-known as the Clifford group
Cn — the stabiliser of the Pauli group Gn. It is key to a number of different
fields, including quantum error-correction, and measurement-based computa-
tion.

It is also the basis of one of the most significant recent results on quantum
computation — the Gottesman-Knill theorem :

Theorem 8. Any quantum circuit built up from :

• Computational basis preparations,
• Clifford group operations,
• Computational basis measurements

may be efficiently simulated on a classical computer.

Proof. This is proved in [39] — see also [80] for a good exposition.

Corollary 3. If we wish to use teleportation to provide a deterministic eval-
uation operation, satisfying the conditions laid out in Section 11.1, we are
restricted to quantum operations that can be efficiently simulated by a classi-
cal computer.

A comment : measurement-based computing

For readers familiar with measurement-based computation, and the correspon-
dence with implementing operations via teleportation given in [7], nothing in
the above discussion should be interpreted as stating that measurement-based
computation is restricted to the Clifford group. In particular, measurement-
based computing is about applying known unitary operations, and the re-
sulting feed-forward of classical information on experimental outcomes and
corresponding unitary corrections is well-studied — see [25, 26] for a formal
approach with a very theoretical computer science flavour.
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A Question : other measurement bases

A natural question at this point is whether choosing an alternative measure-
ment basis (i.e. not based on the Pauli operations) will give us qualitatively
different results. Recall that given two orthonormal basis sets B1, B2 for a
space H⊗H, we may give a unitary map D : H⊗H → H⊗H that maps one
to the other — all orthonormal basis sets are equivalent up to isomorphism.

12 Naming an unknown arrow

After presenting such a negative result, it would be nice to discover something
that quantum evaluation can do that classical evaluation cannot. So far, we
have been considering how data may be interpreted as code, and applied to
some other datum. Where the quantum setting wins out is in the dual process
— given some implementation of a fragment of code, how may we physically
produce the datum representing it (the name of the function)?

We treat a physical implementation of an instruction as a black box that
we may give an input, and in return receive an output. In the classical case,
we assume the black box is simply a function between the input and output
sets, and in the quantum case, we assume a unitary map from the input to
the output space11.

The question is then, given such a black box, how may we produce its
name, as a physical resource ?

12.1 The classical case

In the classical case, the situation is depressingly straightforward. We are given
a black box that implements some function between finite sets, f : X → Y . We
have no additional information about the function f , but we wish to produce
pfq ∈ Y ×X, the ‘name’ of f : X → Y .

In the absence of other information about f , the only option is a brute-
force investigation — we must feed into the black box every element of X,
and record the output in each case12. Hence, the number of steps required to
11 In both cases, we ignore questions of timing & assume that the time spent pro-

cessing is constant, regardless of the input. However, if the processing time is not
constant, it maybe measured, and gives additional (classical) information about
the operation of both quantum and classical black boxes. See [64] for applica-
tions of this in classical cryptography, and [17, 43, 53, 73] for the key rôle that
processing time plays in quantum computation.

12 Even in the presence of a number of identical copies of the black box, and finite
input / output sets, this procedure is at best tedious. In the infinite case, it
is straightforwardly impossible — thus from a physical point of view, arbitrary
functions cannot be named, even in the classical world. Under what conditions
computable functions may be named is left as an interesting exercise.
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give the name of a function f : X → Y is exactly |X|. Note that the sucess of
this procedure depends on

• X is a finite set.
• the black box has no ‘internal states’ — given an input x ∈ X it return

the same output f(x) ∈ Y regardless of the previous set of inputs to the
black box.

12.2 The quantum case

The quantum case is also remarkably straightforward. Let us assume that the
black box implements some unitary operation U : H → H, and is subject to
similar constraints to the classical case — i.e. a unitary map is implemented
in constant time, and the input does not become entangled with some internal
state of the black box.

Now recall the definition of the name of an arrow in a compact closed
category, given diagramatically as

H

I−→·

1H // H

H
U // H

Interpreting the counit as the preparation of a maximally entangled pair (i.e.
the name of the identity map), we simply create such an entangled pair, and
pass one half of this pair through the black box, and do nothing at all to the
other half. The resulting quantum state (taken as a whole) is then the name
of the operation implemented by the black box.

Thus, creating the name of an unknown operation is a 1-step operation in
the quantum case — compared to an arbitrarily long procedure in the classical
case. Although this is arbitrarily more efficient for the quantum case, we may
wonder what use it is ...

12.3 A fiction about Alice and Bob

Few papers on quantum computation or information are complete without a
story about the QM information researchers, Alice and Bob. This paper is no
exception, although the presented interpretation is more fanciful than most.

• Let us assume that Bob has developed a quantum computer Q that imple-
ments some interesting unitary map U on n-qubit registers. Alice, on the
other hand, holds an n-qubit register R that she wishes to process using
Bob’s computer.
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• Bob is happy for Alice to make this calculation, but does not wish to loan
his computer to Alice — he may wish to prevent her reverse-engineering
it by repeated applications to elements of the computational basis, or per-
haps she still has not returned the textbooks she ‘borrowed’ when they
used to share an office.

To get around this impass, Bob works in the space of 2n-qubit registers
(and hence a space of size 22n, and produces the maximally entangled resource
B = pIdq, where Id is the identity map. He then applies U to the final n
registers of B to get some new resource B′, where B′ is the name of the
unitary map U . Finally, he transmits the whole of B′ to Alice.

Alice then treats the resource B′ as the name of an unknown unitary map,
and using the procedure described in Section 12.2 is able to produce U(R),
the result of applying Bob’s quantum computer Q to her quantum register R.

In this manner, Bob may give out ‘samples’ of his quantum computer Q
that can be used exactly once, without Alice ever getting her hands on the
precious machine. Perhaps the best conclusion to draw from this is that Dig-
ital Rights Management is much easier to enforce in the quantum world !

Unfortunately, if Alice is ever to implement Bob’s unknown operation reli-
ably, it must be a member of the Clifford group. So, it seems that the Quantum
Rights ManagementTM protocol is in fact about distributing limited copies of
classical programs.

However, if Bob can be persuaded to be a little less paranoid about Alice
reverse-engineering is computer, he may find out from [86] that all he needs
to perform universal quantum computation is Clifford group operations, and
single π

8 phase-shifts. He may then split the above protocol into several parts,
sending Alice either the name of some Clifford group operation, or a classical
instruction to perform a π

8 phase-shift to a particular qubit, until the compu-
tation is complete.

Open question : If Bob performs the procedure described above, how much
information can Alice deduce about the structure of his quantum computer ?

13 Other Aspects

Our search for a quantum analogue of the von Neumann architecture has in-
volved a lot of digressions into assorted, undeniably interesting, topics. Our
perhaps unsurprising conclusion is that quantum computers cannot implement
a suitable form of evaluation. However, our interest in quantum analogues of
the vN architecture was not arbitrary — rather, we were interested in the com-
putational features given in the list of Section 2.3. Although the behaviour of
evaluation in the quantum setting prevents us from forming a direct analogue
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of the von Neumann architecture, it is worthwhile to consider topics related
to this list directly.

13.1 Computational universality & quantum computers

Much has been made of the fact that the von Neumann architecture allows for
computationally universal machines. By computationally universal we mean,
‘capable of performing any computation that may be performed on a Turing
machine’. By the Church-Turing thesis, this is believed to cover any compu-
tation that can be effiectively, or mechanically performed [44, 24].

The EDVAC machine, running the von Neumann architecture, was not the
first computationally universal physical machine —this honour is believed to
belong to the Z3 machine of Konrad Zuse machine [89] (also see [88] for an
in-depth discussion, and the architecture of the Z3). Had the analytic engine
of Charles Babbage [94] been completed, this would have claimed priority by
at least 100 years.

Our interest in the von Neumann architecture has more been in the high-
level control structures that arise naturally. However, it is worthwhile to con-
sider whether a quantum computer can be computationally universal13. In
one sense, this question is trivial; when restricted to a fixed computational
basis, a quantum Turing machine [28] behaves exactly as a classical reversible
Turing machine, and these are known to be computationally universal.

However, as discussed in Section 6.1, it is hard to see how a device re-
stricted to a computational basis — for both ‘code’ and ‘data’ — may be
considered in any way a quantum computer. A more interesting question is
whether a computer may be both coherent and computationally universal —
‘fully quantum’ in the terminology of [28, 77]. This question has been inten-
sively studied, with no definite conclusion [77, 73, 43, 76] — and as always,
the finite-dimensional case is much simpler [53].

Finally, the same features that make the von Neumann architecture uni-
versal contribute to its utility as a basis for high-level languages — although
the connection between the ability to produce high-level languages, and com-
putational universality, is far from clear. (The papers [48, 50, 52] attempt to
axiomatise the notion of ‘high-level / low-level languages’ and ‘low-level lan-
guages’ in terms of domain theory, and make connections to computational
13 We strongly distinguish this from the idea of a universal quantum gate that can

simulate (up to a reasonable approximation) any other quantum gate. In par-
ticular, universal computation requires the possibility of non-termination of an
algorithm . . . and indeed the undecidability of termination is a fundamental the-
orem of theoretical computer science [55]. Both the usual quantum circuit model
[17] and the (restricted forms of ) quantum Turing machines contained in [17]
require unconditional termination in exactly K steps, where K is some a priori
fixed value.
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universality. A quantum-mechanical version of this theory has also been pre-
sented in [51], but the situation there is even less clear).

13.2 Logical and lambda-calculii interpretations of monoidal
closure

Although we have emphasised the interchangeability of code and data as the
key to the von Neumann architecture, it is more traditionally associated with
other fields of theoretical computer science — Church’s λ calculus, and cat-
egorical logic (and, of course, the connections between lambda calculii and
logics given by the Curry-Howard isomorphism [92]). We refer to [70, 67, 13]
for an introduction to categorical logic.

The logical interpretation of categories used to model quantum protocols
is given by Abramsky and Duncan, in [29, 6]. We do not give an exposition of
this, but rather consider the conditions required for an untyped analogue, in
the search for a computational system similar to the untyped lambda calculus.

Traditionally, the pure untyped lambda calculus is modelled by a C-
monoid, or one-object Cartesian closed category14 without a terminal object.

Given a Cartesian closed category (C,×), a C-monoid is the endomor-
phism monoid of an object D ∈ Ob(C) that satisfies

D ∼= D ×D ∼= [D → D]

The identity D ∼= D ×D is relatively easy to satisfy : for sets and functions,
and many other categories, this is satisfied by any countably infinite set (see
[45, 46] for the general setting). However, D ∼= [D → D] is less easy to satisfy
— simple cardinality arguments demonstrate that no object in the category
of sets and functions may satisfy this identity. The usual route to objects
satisfying such identities is via domain theory. See [1] or [75] for a general
perspective, and [67] for a categorical exposition related to C-monoids.

In compact closed categories, the situation is both simpler, and more sub-
tle. The simple form of the internal hom object [X → Y ] = Y ∗ ⊗ X means
that N ∼= [N → N ] is equivalent to self-duality N = N∗, together with the
identity N ∼= N⊗N . Given any object N ∼= N⊗N , note also that G = N⊗N∗

satisfies
G ∼= G⊗G ∼= [G→ G]

14 The connection between C-monoids and Church’s lambda calculus is not straight-
forward. As observed in [67], the product structure is equivalent to requiring
surjective pairing in the lambda calculus. We also refer to [67] for a demonstra-
tion — via Occam’s Razor — of how combinatory logic arises from C-monoids,
without explicit reference to products, i.e. using the closed, but not monoidal
closed, structure — giving what are referred to as ‘monstrous’ coherence condi-
tions. Note also that [3] gives a (computationally universal) combinatory logic in
terms of (untyped) compact closure, rather than Cartesian closure.
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We refer to [45, 49] for an explicit description of one-object analogues of
compact closed categories.

In the particular case of Hilbert spaces, any separable infinite-dimensional
Hilbert space H certainly satisfies H ∼= H ⊗H. However, recall from [2] that
only the category of finite-dimensional spaces is compact closed — thus, it is
hard to see how evaluation in the quantum setting may be used to produce
some form of (untyped) lambda calculus or combinatory logic. Infinitary ver-
sions of the Choi-Jamio lkowski correspondence have been explored in [83], in
the context of order theory and C* algebras, but the categorical interpretation
is not straightforward.

13.3 Backus, Functional Languages, and non- von Neumann
architectures

Throughout this paper, we have praised the von Neumann architecture as a
significant advance in both theoretical and practical computer science. This
is certainly the case; however, many programmers and theoreticians also see
the near-universal reliance on it as an impediment, particularly with regard to
either parallel or asynchronous computation. The ‘von Neumann bottleneck’ is
a common term first appearing in J. Backus’ Turing award acceptance speech,
“Can Programming be Liberated from the von Neumann Style ?” [11]).

Thus, although we consider it unfortunate that quantum computers cannot
run some analogue of the von Neumann architecture, it may instead be seen
as an opportunity.

Backus’ speech gives a strong defence of functional programming and func-
tional programming languages. Functional programs are based on the notion
of evaluating functions, rather than updating states. Unfortunately, they are
often easier to characterise in terms of features they do not possess, such as

“ Functional programming languages have no variables, no assign-
ment statements, and no iterative constructs. This design is based
on the concept of mathematical functions, which are often defined by
separation into various cases, each of which is separately defined by
appealing (possibly recursively) to function applications.” — [32].

There is no space here for an exposition of the positive aspects of functional
languages and programming — we refer to Backus’ speech and subsequent
works [11, 12, 54] for positive properties such as referential transparency, lazy
evaluation, freedom from side-effects and state-freeness15.

As well as a plea for programming languages based on different principles,
it is clear that Backus considered the von Neumann style of programming to
15 Side-effects and states are often considered essential for input / output, storage,

exception-handling, &c. We refer to [96] for how such features are handled in
functional programming using the very categorical idea of monads.
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be a direct consequence of the von Neumann architecture, and the persistence
of the von Neumann architecture to be due to the universality of languages
based on it. From [11],

“Our fixation on von Neumann languages has continued the pri-
macy of the von Neumann computer . . .The absence of programming
styles founded on non-von Neumann principles has deprived designers
of an intellectual foundation for new computer architectures.”

A stated aim of [11] is thus to provide programming concepts and languages
that naturally lead to different underlying computer architectures — unfor-
tunately, functional programs still tend to be executed on vN architecture
machines!

Another key point of this program is that functional programming lan-
guages could, or should, come equipped with an ‘algebra of combining forms’.
This is an algebraic system that is intended to, “solve equations whose ‘un-
knowns’ are programs, in much the same way as one transforms programs in
high school algebra” — [11]. Whether such a system is possible for quantum
algorithms remains open — although a step in this direction is [75], giving
domain-theoretic analogues of differential equations with both classical and
quantum search as their solutions.
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Appendix A

We consider the conditions required for a state vector to correspond to a
unitary map, and show that this is intimately connected with questions of
entanglement.

Definition 14. Let H denote a complex Hilbert space with orthonormal (com-
putational) basis {ei}i=1..n. Then for each basis vector ei we define the left-
span of ei to be the subspace of H ⊗ H generated by the basis vectors
{ei ⊗ ej}nj=1. Dually, we define the right-span of ej to be the subspace of
H ⊗H generated by the basis vector {ei ⊗ ej}ni=1. We denote these spaces by
lSpan(ei) and rSpan(ej) respectively.

Our claim is that the vectors that are the names of unitary maps are
exactly those that are equidistant to the left span and the right span of each
basis vector ei

Theorem 9. Let H denote a complex Hilbert space with orthonormal basis
{ei}i=1..N , and let M : H → H denote a linear map. Then the following two
conditions are equivalent:
(i) M is a unitary map.
(ii) For each basis vector ei, the norm of the projection of pMq onto either
lSpan(ei) or rSpan(ei) is 1

n .

Proof.
((i) ⇒ (ii) By definition of a unitary map, M satisfies

MM† = I and I = M†M

(It is easier to state that M† = M−1. However, interesting and computation-
ally important C∗ algebras such as the Kuntz-Krieger algebras of [9] satisfy
one-sided versions of these conditions, so we use them separately for future
reference). Written in terms of matrix elements, we have that

(MM†)ik =
n∑
j=1

mijmkj =
{

1 i = k
0 i 6= k
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(M†M)ik =
n∑
j=1

mjimjk =
{

1 i = k
0 i 6= k

These conditions can also be characterised as ‘the sum of the norms of the
entries in each row is 1, as is the sum of the norms of the entries in each
column’.

Moving to the name pMq ∈ H ⊗H, we have

〈pMq|pMq〉 =
1√
n

1√
n

=

 n∑
α,β=1

 n∑
i,j=1

〈mαβ(ei ⊗ ej)|mij(ei ⊗ ej)〉


Using the Kroneker delta notation, 〈ei ⊗ ej |eα ⊗ eβ〉 = δαiδβj , so

〈pMq|pMq〉 =
1√
n

1√
n

=

 n∑
α,β,i,j=1

mαβmijδαiδβj


Hence, by the condition imposed on the matrix elements by the unitarity
requirement,

〈pMq|pMq〉 =
1
N

n∑
α,β=1

mαβmαβ = 1

So the unitarity of M implies that pMq has norm 1.
For the next step, observe that we may isolate the individual mij by

mij =
√
n.〈ei ⊗ ej |pMq〉

and so the first unitarity condition gives that

1 =
n∑
j=1

1√
n
〈pMq|ei ⊗ ej〉

1√
n
〈ei ⊗ ej |pMq〉

Hence
1
n

=
n∑
j=1

〈pMq|ei ⊗ ej〉〈ei ⊗ ej |pMq〉

Using Dirac notation, for any orthnormal basis B the identity is given by
Id =

∑
b∈B |b〉〈b|, and so the inner product of vectors φ, ψ may be written

as 〈φ|ψ〉 =
∑

b∈B〈φ|b〉〈b|ψ〉. From the definition of the space lSpan(ei) in
terms of a basis set, we thus deduce that the projection of pMq onto the space
lSpan(ei) has norm 1

N .
The dual condition about the right spans {rSpan(ei)}ni=1 follows from the

second unitarity condition.

(ii) ⇒ (i) Let ψ = pMq satisfy the left and right span conditions. We may
write these fully as



The quantum code-data distinction 43

1
n

=
∑
j

〈ψ|ei ⊗ ej〉〈ei ⊗ ej |ψ〉

and
1
n

=
∑
j

〈ψ|ei ⊗ ej〉〈ei ⊗ ej |ψ〉

respectively. The definition of the naming operation p q gives that

[M ]ij =
√
n.〈ei ⊗ ej |ψ〉

and almost identical reasoning to above applied to the left span condition
gives

∑n
j=1[M ]ij .[M ]ij = 1. Similarly, the right span condition gives that∑n

i=1[M ]ij .[M ]ij = 1. From above, these are the two conditions required for
unitarity, and hence our result follows. �

Interpretation

Although the above is presented abstractly, a quantum computational inter-
pretation is immediate: given a quantum register r ∈ qByte, and an observa-
tion on a single arbitrary qubit with respect to any orthonormal basis {b1,b2},
then r is the name of a unitary map exactly when the observation of r gives
either b1 or b2 with equal probability.


