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Uncompromising starting point (!)

The form of categorical closure used in the

Geometry of Interaction is compact closure,

and is derived from a categorical trace

Why are we looking for a type-free version ?

1. “ . . . our system ‘forgets types’ . . . an

interpretation of pure (untyped) lambda

calculus is at hand.”

G e o m e t r y o f I n t e r a c t i o n 1

J . - Y . G i r a r d ( 1989)

2. The (untyped) linear combinatory logic

G e o m e t r y o f I n t e r a c t i o n a n d l i n e a r c o m b i n a t o r y a l g e b r a s

Ñ A b r am sk y, H agh v er d i & Sco t t ( 2002)

Categorically, how can we interpret this ?

C an w e i n t er p r et t y p e- f r een ess i n a com p act c l osed ca t egor y ?

Ñ or ev en g i v e ex am p l es o f com p act c l osed m on o i d s ??
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Type-free systems,categorically

T r ad i t i on a l l y ( ! ) i n ca t egor i ca l l og i c ,

W e h av e a a m on o i d a l c l osed ca t egor y :

• t y p e s i n t er p r et as o b j e c t s

• U n t y p e d sy st e m s i n t er p r et as on e- ob j ec t ca t egor i es ( m on o i d s)
Ñ w i t h a l l t h e r i gh t ca t egor i ca l st r u c t u r e.

We already know :

t y p ed λ- ca l cu l u s

!!

C ar t esi an c l osed ca t .

!!
u n t y p ed λ- ca l cu l u s C - M on o i d

We are looking for:

G eom et r y o f I n t er ac t i on

!!

C om p act c l osed ca t .

!!
u n t y p ed G oI ???????

W e r eq u i r e a Ôcom p act c l osed m on o i d ÕÑ w h at ev er t h a t m i gh t b e.
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A proposed solution

Via a general ‘type-erasing’ construction.
T h e C a t e g o r i c a l t h e o r y o f se l f - s i m i l a r i t y
T h eor y an d A p p l i ca t i on s o f C a t egor i es ( 1999)

Various problems with this :

1. N o c o m p u t a t i o n a l i n t e r p r e t a t i o n w as g i v en

2 . ÒH i d eou s N a t u r a l i t y C o n d i t i o n sÓ

3. D i f f i cu l t i n t er ac t i on w i t h t h e G o I o r I n t con st r u c t i on .

4 . B ased on se l f - d u a l ( an d p er h ap s d egen er a t e?) ob j ec t s

5 . C on n ect i on w i t h i n t e r n a l h o m . , an d h en ce c a t e g o r i c a l
c l o su r e , w as u n c l ea r

Not claiming this definition is wrong

— just that it has been impossible to work with!
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WhatÕsthe problem ???

Why is it so difficult to define compact closed

monoids ?

— never mind giving examples . . .

A case study : C-monoids

W h at con d i t i on s d o w e w an t a C- m on o i d ( on e- ob j ec t C ar t esi an
c l osed ca t egor y ) t o sa t i sf y ?

1 . T ak e t h e ax i om s f o r a C ar t esi an c l osed ca t egor y ,

2 . E r ase t h e o b j e c t ( o r t y p e ) su b scr i p t s,

3 . I gn o r e an y ax i om s i n v o l v i n g t h e u n i t o b j e c t , I.

W e w an t a d i st i n gu i sh ed ob j ec t D, t h a t sa t i sf i es

D × D != D != DD

W e d o n o t w an t t h i s ob j ec t t o b e t h e u n i t ob j ec t .

Allowing for the unit object (or units isomorphisms)

collapses everything to a triviality !

The first rule of Untyped Club : we don’t talk about the unit!
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DeÞningcompact closed categories

A c o m p a c t c l o se d c a t e g o r y i s a symmetric monoidal category ( C , ⊗, I)

• w i t h n a t u r a l sy m m et r y , asso c i a t i v i t y , an d u n i t s i som or p h i sm s,

sX,Y , tX,Y,Z , λX , ρX

sa t i sf y i n g t h e u su a l coh er en ce con d i t i on s ( M acL an e P en t agon ,
C om m u t a t i v i t y h ex agon , u n i t s t r i an g l es) .

E v er y ob j ec t A h as a d u a l A∗ , w i t h ( A∗ ) ∗ ∼= A,

• t oget h er w i t h d i st i n gu i sh ed ar r ow s

εA : A ⊗ A∗ → I , ηA : I → A∗ ⊗ A

. . . t h a t on l y r ea l l y m ak e sen se w h en d r aw n d i ag r am at i ca l l y :

• T h ese sa t i sf y Ôcoh er en ce con d i t i on sÕ

λA ( εA ⊗ 1A ) tA,A∗,A ( 1A ⊗ ηA) ⊗ ρ−1
A

= 1A

an d

ρA∗ ( 1A∗ ⊗ εA ) t−1
A∗,A,A∗ (ηA ⊗ 1A∗ )λ−1

A∗ = 1A∗
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λA ( εA ⊗ 1A ) ( 1A ⊗ ηA ) ⊗ ρ−1
A

= 1A

A n d si m i l a r l y ,

ρA∗ ( 1A∗ ⊗ εA ) (ηA ⊗ 1A∗ )λ−1
A∗ = 1A∗
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The problem:

T o w r i t e d ow n ax i om s f o r an untyped version, w e n eed t o :

1 . I gn o r e ev er y t h i n g t h a t m en t i on s t h e u n i t ob j ec t . . .

2 . E r ase t h e ob j ec t su b scr i p t s on t h e r est !

What is left, when we

forget about the unit object ?

• W h en w e don’t mention the unit, t h er e i s n o t h i n g l ef t t o t a l k
ab ou t !

• A t b est , w e h av e a ( sy m m et r i c m on o i d a l ) ca t egor y , w i t h an

i n v o l u t i on ( ) ∗

Ñ sa t i sf y i n g n o p ar t i cu l a r ex t r a ax i om s.

• C om p act c l osu r e ax i om s r eq u i r e, i n an essen t i a l w ay, t h e u n i t
ob j ec t !

What we need is an alternative formalisation

of compact closure, that is based on different primitives.
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A previous solution :

Taken from : T h e C at egor i ca l T h eor y o f Sel f - Si m i l a r i t y ( T .A .C . 1999)

B ased on C om p act C l osed ca t egor i es h av e a can on i ca l t r ace :

Ð d ef i n ed ( o f cou r se) i n t er m s o f t h e u n i t ob j ec t :

T h e i d ea w as t o r ep l ace t h e com p osi t e

X

ρ−1
X ""X ⊗ I

1X⊗ηA ""X ⊗ ( A∗ ⊗ A)

w i t h a si n g l e a r r ow X
κXA ""X ⊗ ( A∗ ⊗ A)

an d d u a l l y , w e r ep l ace

( B ⊗ B∗ ) ⊗ Y
εB⊗1Y ""I ⊗ Y

λY ""Y

w i t h a si n g l e a r r ow
( B ⊗ B∗ ) ⊗ Y

δBY ""Y
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A ga i n , d r aw i n g d i ag r am m at i ca l l y :

R eq u i r ed t o sa t i sf y ax i om s su ch as :

Ñ a l on g w i t h m an y o t h er ax i om s . . .

Many difficulties with this approach :

1 . N a t u r a l i t y ?

2 . N am es an d co- N am es ?

3 . D u a l s on ar r ow s ?

4 . et c .
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An alternative unitless axiomatisation ...

Based on Abramsky & Coecke’s C at egor i ca l Sem an t i cs o f Q u an t u m
P r o t o co l s : L i C S ( 2004)

V er y , v er y b r oad l y ( ! )

• εA : I → A∗ ⊗ A i s Ôp r o d u ct i on o f an en t an g l ed p a i r Õ.

• ηA : A ⊗ A∗ → I i s Ôob ser v a t i on o f an en t an g l ed p a i r Õ.

In teleportation protocols (& other experiments),

p r o d u ct i on and ob ser v a t i on are often paired ...

W e see

as a si n g l e p h y si c a l p r o c e ss.
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New basis for (unitless) compact closure

T ak e t h i s i d ea as fundamental, an d ax i om at i se op er a t o r s:

F o r ev er y p a i r o f ob j ec t s A, B , w e n eed :

PA,B : A " A! # B! " B

T oget h er w i t h ‘a bunch of other axioms ...’ ( ! )
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Alternative axioms, continued ...

A s a b r o a d h i n t t o t h e ax i om s w e m i gh t r eq u i r e, t em p or a r i l y f i l l i n
b ox es w i t h εA – ηB p a i r s :

seem s t o su ggest . . .

(PXB " 1X)tXX∗X(1X " PAX)

=

sX,B∗" B(1X " PAB)
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Si m i l a r l y , t h e Ôd u a l Õd i ag r am :

g i v es t h e ax i om :

(1X∗ " PX,B)t# 1
X∗XX∗(PAX " 1X∗)

=

(1X∗ " PAB)sA" A∗,X∗
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Naturality & all that

B ased on t h e i d ea t h a t the endomorphism monoid of the unit object is

(almost) trivial ... w e r eq u i r e

is naturally isomorphic to

g i v i n g

PBCPAB∗ = PB∗CPAB
!= PAC

Duality on arrows :

T o g i v e t h e d u a l on arrows, r a t h er t h an objects ( d ef i n i n g
f∗ : B∗ → A∗ i n t er m s o f f : A → B) w e st i l l n eed t h e u n i t ob j ec t .

Ñ t o k eep t h e d u a l on ar r ow s, w e f o l l ow :

N u c l ea r an d T r aced I d ea l s Abramsky, Blute, Panangaden ( 1998)

an d r eq u i r e t h a t ( )! : C # Cop
i s a st r i c t l y i n v o l u t i v e m on o i d a l

f u n ct o r , w i t h P !
AB = PBA
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The story so far ...

W e ar e con si d er i n g sy m m et r i c m on o i d a l ca t egor i es ( C , ⊗, t, s) w i t h
t h e f o l l ow i n g p r op er t i es :

• A n i n v o l u t i v e m on o i d a l f u n ct o r ( ) ∗ : C o p → C

• F or a l l A, B ∈ Ob( C ) , an ar r ow PA,B : A ⊗ A∗ → B∗ ⊗ B

sa t i sf y i n g
1 .

( PXB ⊗ 1X ) tXX∗X ( 1X ⊗ PAX )

=

sX,B∗⊗B ( 1X ⊗ PAB )

2 .

( 1X∗ ⊗ PX,B ) t−1
X∗XX∗ ( PAX ⊗ 1∗X )

=

( 1X∗ ⊗ PAB ) sA⊗A∗,X∗

3 .

PBC PAB∗ = PB∗CPAB
∼= PAC

N o n e e d t o t a l k a b o u t t h e u n i t

Ñ b u t w e c a n n o t l i v e w i t h o u t symmetry
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Do theseaxioms really

specify compact closure ?

W h en w e ar e a l l ow ed t o t a l k ab ou t t h e u n i t ob j ec t :

Recover original axioms from our reformulation

D ef i n e εB : I → B ⊗ B∗ an d ηA : A ⊗ A∗ → I b y

εA = PAIλI , ηB = ρ# 1
I PIB

Find our reformulation from original axioms

T h i s w as t h e or i g i n a l m o t i v a t i on :

PAB = ηBεA

U n i v . M ar sei l l e, F eb . 2006 Sl i d e: 17



p y

What do familiar concepts look like

with this formulation ?

C om p act c l osed ca t egor i es h av e n a m e s an d c o - n a m e s :

N am es o f a r r ow s h av e sp ec i a l p r op er t i es, w i t h a com p u t a t i on a l

i n t er p r et a t i on :

( C oN am es h av e si m i l a r p r op er t i es, g i v en b y t h e d u a l d i ag r am ) .

Under the alternative formulation,

the u n i t o b j e c t no longer has a special rôle
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Relative names / coNames :

N at u r a l con cep t u n d er a l t er n a t i v e ax i om s i s r e l a t i v e n a m e s. A n
ar r ow :

h as a R e l a t i v e N a m e NameX : X ⊗ X∗ → A∗ ⊗ B

O f cou r se, h av e si m i l a r con cep t f o r r e l a t i v e c o - n a m e s.

A s b ef o r e, r el a t i v e n am es h av e ( r el a t i v el y ) sp ec i a l p r op er t i es :

H ow ev er , NameX ( f ) an d NameY ( f ) a r e l i n k ed b y a n a t u r a l
i som or p h i sm :

NameY ( f ) = NameX ( f ) .PXY ∗
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A passingcomment :

T h e a l t er n a t i v e ax i om s m ak e i t easy t o con si d er p a r t i a l i t y :

G i v en a ( p a r t i a l ) eq u i v a l en ce r el a t i on on ob j ec t s, w i t h ex t r a
p r op er t i es :

¥ R e ß e x i v i t y A ∼ A

¥ S y m m et r y A ∼ B ⇔ B ∼ A

¥ T r a n si t i v i t y A ∼ B a n d B ∼ C ⇒ A ∼ C

¥ ∼= - c o m p a t i b i l i t y A ∼ B a n d B ∼= B′ ⇒ A ∼ B′ .

¥ ∗- c o m p a t i b i l i t y A ∼ B ⇒ A ∼ B∗ .

¥ ⊗- c o m p a t i b i l i t y A ∼ B a n d C ∼ D ⇒ A ⊗ C ∼ B ⊗ D.

C an con si d er restrictions, so

PAB : A ⊗ A∗ → B∗ ⊗ B

ex i st s ex act l y w h en A ∼ B.

A s ∼ i s a ( p a r t i a l ) eq u i v a l en ce r el a t i on ,

PXY ex i st s

PY Z ex i st s

}
⇒ PXZ ex i st s

i n w h i ch case

( PY Z ⊗ 1Y ) ( 1Y ⊗ PXY ) = sY,Z∗⊗Z ( 1Y ⊗ PXZ )

Question: what do R e l a t i v e N a m es look like,

in a partial system ?

M o t i v a t i o n : to produce an n-dimensional entangled state by measurement,

we need to be measuring an n-dimensional space

. . . h ow ev er , w e cam e t o el i m i n a t e t y p es, n o t i n t r o d u ce t h em !
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Back to Untyped Systems.

T o t a l k ab ou t u n t y p ed sy st em s, w e can n o t m en t i on t h e u n i t ob j ec t !

Compact closure once mentioned the unit, but I think we’ve got away with it...

W i t h t h e a l t e r n a t i v e a x i o m s w e c a n :

1 . D e l e t e a n y a x i o m i n v o l v i n g I

2 . E r a se a l l o b j e c t su b sc r i p t s

Ð w i t h ou t ev er y t h i n g b ecom i n g t r i v i a l .

T h i s sp ec i f i es a c o m p a c t c l o se d m o n o i d , as a m on o i d M, w i t h

• A m on o i d h om om or p h i sm ⊗ : M × M → M

• I n v er t i b l e el em en t s s, t ∈ M sa t i sf y i n g

Ð s( f ⊗ g) = ( g ⊗ f ) s

Ð t( f ⊗ ( g ⊗ h) ) = ( ( f ⊗ g) ⊗ h) t

• T y p e- f r ee an a l ogu es o f t h e M acL an e P en t agon , an d t h e
C om m u t a t i v i t y H ex agon :

t2 = ( t ⊗ 1) t( 1 ⊗ t)

tst = ( s ⊗ 1) t( 1 ⊗ s)

• A n i n v o l u t i on ( ) ∗ w i t h ( fg) ∗ = g∗f∗ an d f∗∗ = f

• A d i st i n gu i sh ed ar r ow P ∈ M sa t i sf y i n g P∗ = P ,

• T y p e- f r ee an a l ogu es o f t h e C om p act C l osu r e ax i om s:

( P ⊗ 1) t( 1 ⊗ P ) = P s

( 1 ⊗ P ) t−1 ( P ⊗ 1) = sP

W e ( Þ n a l l y ! ) k n o w w h a t t h e y sh o u l d l o o k l i k e

- h o w c a n w e b u i l d o n e ? ?
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A type-erasing construction

T h e C a t e g o r i c a l t h e o r y o f se l f - s i m i l a r i t y
T h eor y an d A p p l i ca t i on s o f C a t egor i es ( 1999)

C on si d er a M on o i d a l C a t egor y ( C , ⊗, t, s, I) , w i t h :

• S e l f - s i m i l a r i t y : A d i st i n gu i sh ed ob j ec t N ∼= N ⊗ N

Ð I som or p h i sm s

d : N → N ⊗ N

c : N ⊗ N → N

}
cd = 1N , dc = 1N⊗N

• F r e e n e ss : N , ⊗ f r eel y gen er a t es a su b ca t egor y o f C

Ð i .e. A sso c i a t i v i t y can n o t b e st r i c t .

• N o n - t r i v i a l i t y : N += I

Self-similarity ... gives a f u n c t o r from a c a t e g o r y to a monoid

C on si d er t h e ( f u l l ) su b ca t egor y N⊗ , w i t h ob j ec t s

N , N ⊗ N , ( N ⊗ N ) ⊗ N , et c .

E ach ob j ec t X i n t h i s ca t egor y i s i so m o r p h i c t o N :

N1N ##
DecodeX $$

X
CodeX

%% 1X

&&

I n d u ct i v el y :

• CodeN = 1N = DecodeN

• CodeA⊗B = ( CodeA ⊗ CodeB ) c

• DecodeA⊗B = d( DecodeA ⊗ DecodeB )
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T h i s g i v es u s :

1 . A f u n ct o r ! : N⊗ → End( N )

• ( O n O b j e c t s) : F o r a l l O b j ec t s, Φ(X) = N .

• ( O n A r r o w s) F or a l l f : A → B.

Φ(f) = CodeB f DecodeA : N # N

B

g

''!
!!

!!
!!

!!
!!

!!
!!

!
C

o
d

e
B

((
A

CodeA $$

f

))""""""""""""""""
N

DecodeA

%%
DecodeC $$

D
e

c
o

d
e

B

**

C
CodeC

%%

2. A m o n o i d h o m o m o r p h i sm :

• ( D e Þ n e d B y ) : F o r a l l a, b : N → N ,

a $ b = Φ(a " b)

• ( S a t i s f y i n g ) : F o r a l l F : A → B an d G : X → Y ,

Φ(F " G) = Φ(F ) $ Φ(G)

! has all the properties of a m o n o i d a l f u n c t o r

apart from preserving the unit object!
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(almost) Monoidal monoids (!)

T h e t a r get o f ! i s a on e- ob j ec t ca t egor y Ñ

g i v i n g m on o i d an a l ogu es o f m an y ca t egor i ca l p r op er t i es.

W h a t h a p p e n s t o c a n o n i c a l i so m o r p h i sm s ? ?

T r i v i a l t o ch eck . . .

• F or a l l ob j ec t s A, B, C an d X, Y, Z,

! ( tABC ) = ! ( tXY Z ) = t ∈ End( N )

! ( sXY ) = ! ( sAB ) = s ∈ End( N )

w h er e

s( f , g) = ( g , f ) s , t( f , ( g , h) ) = ( ( f , g) , h) t

A p p l y i n g ! t o
( i ) T h e M acL an e P en t agon .
( ( i i ) T h e C om m u t a t i v i t y H ex agon .

g i v es

t2 = ( t , 1) t( 1 , t)

tst = ( s , 1) t( 1 , s)

W h a t a b o u t c a t e g o r i c a l c l o su r e ?

W e h av e an u n t y p ed v er si on o f t h e m on o i d a l st r u c t u r e Ñ h ow ab ou t
t h e m on o i d a l c l osed st r u c t u r e ?
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Closed monoids

F or a C a r t e si a n C l o se d M o n o i d w e r eq u i r e :

• A C ar t esi an C l osed C at egor y ( C , ×)

• A d i st i n gu i sh ed ob j ec t D sa t i sf y i n g :

Ð D × D ∼= D

g i v i n g a C ar t esi an f u n ct o r ! : D× → E n d ( D )

Ð DD ∼= D

Ñ en su r i n g t h a t D× , t h e sou r ce o f ! , i s c l osed .

Easy to find D %D != D

... much harder to find D != DD !

Fortunately - life is much simpler

for compact closure.
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Closure under the internal hom.

I n a com p act c l osed ca t egor y :

G i v en N ∼= N ⊗ N

Ñ w h en i s t h e su b ca t egor y N⊗ gen er a t ed b y N , ⊗ c l osed ??

An almost trivial condition :

G i v en ob j ect s X, Y , t h e c l osu r e op er a t i on i s g i v en b y

[X,Y ] = Y " X !

G i v en X, Y m em b er s o f

Ob( N⊗ ) = {N , N ⊗ N , N ⊗ ( N ⊗ N ) , & c.}

t h en [X, Y ] = Y ⊗ X∗ i s a m em b er ex act l y w h en N i s se l f - d u a l .

N = N !

W h i ch i s ( o f cou r se) eq u i v a l en t t o

X, Y & Ob(N " )

⇐⇒

PXY is an arrow of N "
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Requirements :

W e n eed : A d i st i n gu i sh ed ob j ec t N ∈ Ob( C ) sa t i sf y i n g

1 . ( H i l b e r t H o t e l c o n d i t i o n ) N ⊗ N ∼= N

N1N ##
d ++

N ⊗ N
c

,, 1N⊗N
--

2. ( S e l f - d u a l i t y ) N∗ = N

What about when N is not self-dual ?

G = N " N !
i s sel f - d u a l , so G! = G.

G i s a l so sel f - si m i l a r , so G != G " G

G1G ##
S ..

G ⊗ G
R

%% 1G⊗G
--

T h e i som or p h i sm s R : G ⊗ G → G an d S : G → G ⊗ G ar e g i v en b y

R = (c " d! )(1N " sN ,N ∗ " 1N ∗)

S = (1N " sN ,N ∗ " 1N ∗)(d " c! )
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Diagrammatically :

All we need :

A self-similar object in a compact closed category
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And finally !

To simplify even further ...
G i v en a sel f - si m i l a r ob j ec t i n a t r aced m on o i d a l ca t egor y T ,

N != N " N

T h e GoI or Int con st r u c t i on g i v es a com p act c l osed ca t egor y . . .

t oget h er w i t h a can on i ca l em b ed d i n g

ι : T ↪# GoI(T)

C l ear l y ι( N ) i s a l so sel f - si m i l a r .

All we really need :

a self-similar object

in a traced monoidal category
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