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Uncompromising starting point (!)

The form of categorical closure used in the
Geometry of Interaction is compact closure,

and 1s derived from a categorical trace

Why are we looking for a type-free version 7

1. “...our system ‘forgets types’ ...an
interpretation of pure (untyped) lambda
calculus is at hand.”

Geometry of Interaction 1

J.-Y. Girard (1989)

2. The (untyped) linear combinatory logic

Geometry of Interaction and linear combinatory algebras

N Abramsky, Haghverdi & Scott (2002)

Categorically, how can we interpret this ¢

Can we interpret type-freeness in a compact closed category?

N or even give examples of compact closed monoids ??
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Type-free systems, categorically

Traditionally (!) in categorical logic,

We have a a monoidal closed category:
e typesinterpret as objects

e Untyped systems interpret as one-object categories (monoids)
N with all the right categorical structure.

We already know :

typed X-calculus Cartesian closed cat.

untyped A-calculusI C-Monoid

We are looking for:

Geometry of Interaction Ii Compact closed cat. ‘

untyped Gol ardrdrdrdedrl |

We require a @ompact closed monoidON whatever that might be.

Univ. Marseille, Feb. 2006 Slide: 3



Via

A proposed solution

a general ‘type-erasing’ construction.

The Categorical theory of self-similarity
Theory and Applications of Categories (1999)

Various problems with this :

No computational interpretation was given
OHideous N aturality ConditionsO

Difficult interaction with the Gol or Int construction.
Based on self-dual (and perhaps degenerate?) objects

Connection with internal hom ., and hence categorical
closure, was unclear

Not claiming this definition is wrong

— just that it has been impossible to work with!

Univ.
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Slide: 4



WhatOghe problem 2?7

Why is it so difficult to define compact closed
monoids 7

— never mind giving examples . ..

A case study : C'-monoids

W hat conditions do we want a C-monoid (one-object Cartesian
closed category) to satisfy ?

1. Take the axioms for a Cartesian closed category,
2. Erasethe object (or type) subscripts,
3. lgnore any axioms involving the unit object, I.

We want a distinguished object D, that satisfies

D

=
V)
=

D x D D

We do not want this object to be the unit object.

Allowing for the unit object (or units isomorphisms)

collapses everything to a triviality !

The first rule of Untyped Club : we don’t talk about the unit!
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DePningcompact closal categories

A compact closed category is a symmetric monoidal category (C , ®, I)
e with natural symmetry, associativity, and units isomorphisms,
sSX)Y » tX,v,Z » AX » PX

satisfying the usual coherence conditions (MacLane Pentagon,
Commutativity hexagon, units triangles).

Every object A has a dual A™, with (A*)* = A,

e together with distinguished arrows
6A1A®A*—>I,77A:I—>A*®A
...that only really make sense when drawn diagramatically :

&
A4 *
y

i Ny: 1 >A*&A

A

A

g:A®A* > 1 I

&
A *
y

e These satisfy @oherence conditionsO

1

Aaleg ®@L1A)tA ax A(la®mna) ®p,~ = 14
and
QLax)A L = 1
A* A* A*

-1
pA*(lA* & GA)tA*,A,A*(T’A
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Aalea ®14) (14 ®na) ®p, 0 = 14

A - 0 | A
;! A¥* Mo
* LY
A A L A

A i |

And similarly,

pax(lax ®eca)(ng @1 )25

A* > A*
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The problem:

To write down axioms for an wuntyped version, we need to :
1. Ignore everything that mentions the unit object ...

2. Erase the object subscripts on the rest !

What s left, when we
forget about the unit object ¢

e When we don’t mention the unit, there is nothing left to talk
about!

e At best, we have a (symmetric monoidal) category, with an
involution ( )*
N satisfying no particular extra axioms.

e Compact closure axioms require, in an essential way, the unit
object!

What we need is an alternative formalisation

of compact closure, that is based on different primitives.
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A previous solution :

Taken from : T he Categorical T heory of Self-Similarity (T.A.C. 1999)

Based on Compact Closed categories have a canonical trace :

b defined (of course) in terms of the unit object :

X —» — i §
A—» —> A1

A A*

The idea was to replace the composite

—1
Px m 1x®na N
X ——— X QI XQ(A* @ A)

with a single arrow X tXA "X Q (A* ® A)

and dually, we replace

eg®ly n Ay n
(BRQ BY) Y IQY — Vv

. . 5BY [ 1]
with a single arrow (B B*) @ Y v
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Again, drawing diagrammatically :

B
X & >‘Y I\
* ~ 4/1 * g Y A S
. B* .
| '\
A Y > ¥
—>X B —»
X —» Kxa [—PA* P e 8\"3 — 7
—> A y —>

Required to satisfy axioms such as :

—>4 —>
A —»| Kuy [—PA*"—» 0O, —>A
—> | ——>

A > A

N along with many other axioms ...

Many difficulties with this approach :

Naturality ?
Names and co-Names ?

Duals on arrows ?

A W N P

etc.
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An alternative unitless axiomatisation ...

Based on Abramsky € Coecke’s Categorical Semantics of Quantum
Protocols : LIiCS (2004)

Very, very broadly (!)

I ny:l—>A* ®A

A

A

Eg:AA* >1 I

A*

o cp: I — A* ® Ais roduction of an entangled pair®

e N4 AQ® A* — Iis @bservation of an entangled pair®

In teleportation protocols (€ other experiments),

production and observation are often paired ...

W e see

A B*

A* B

as a single physical process.
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New basis for (unitless) compact closure

Take this idea as fundamental, and axiomatise operators:

For every pair of objects A, B we need :

Pap:A" A # B'" B

A B>
I
A* B
" o— __»B*
P.\]']\
A—7 B
Together with ‘a bunch of other axioms ...” (!)
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Alternative axioms, continued ...

As a broad hint to the axioms we might require, temporarily fill in
boxes with €4 — T)B pairs :

X I*Xj. K B

A= T X > X
X >X B*
A— [ LB B
S T—=p X

seems to suggest ...

(Pxp" Ix)txx*x(1x" Pax)

sx,B* B(1x" PaB)
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Similarly, the @ualOdiagram :

A— X > X
/1*-....-.__",‘_.' ',..--'—-_.____-_*. .Y —‘Y___-‘--‘-‘-‘ ol !{*
X+ 26 B
4 X » X

X A=—"" B

gives the axiom :

(1x+" Px,B)txsxx«(Pax" lx=)

(1x+" Pap)Sa" a* x*
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Naturality & all that

Based on the idea that the endomorphism monoid of the unit object is
(almost) trivial ... we require

..........................

S C*
A—"" C
giving
|
PpcPapx = Pp+cPap = Pac

Duality on arrows :

To give the dual on arrows, rather than objects (defining
f*:B* — A* in termsof f: A — B) we still need the unit object .

N to keep the dual on arrows, we follow :

Nuclear and Traced ldeals Abramsky, Blute, Panangaden (1998)

I

and require that ( ) . C # COp is a strictly involutive monoidal
I

functor, with PAB = PBA
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The story sofar ...

We are considering symmetric monoidal categories (C, ®, t, s) with
the following properties :

e An involutive monoidal functor ( )* : cO%P — C

e For all A,B € Ob(C), an arrow P, g: AQ A™ - B* ® B

satisfying
1.
(Pxp®1lx)txx*x(lx ® Pax)
sx,B*@B(lx ® PAB)
2.
—_ >k
(1 ®PX7B)tX*XX*(PAX ® 1)
(1x+ ® PaB)sagax, x*
3.
PpcPap* = PpxcPap = Pac

No need to talk about the unit

N but we cannot live without symmetry
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Do theseaxioms really

specify compact closure ?

W hen we are allowed to talk about the unit object :

Recover original axioms from our reformulation

Defineeg: I - B®@ B*and ny: A® A* — I by

i 1 -----------
I-‘::-..-..___'.-" ol
B -

Find our reformulation from original axioms

T his was the original motivation :

D T G s
/ e
A* B A" TT—»p
Pap = mnBea
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What do familiar concepts look like

with this formulation ?

Compact closed categories have nam es and co-nam es :

A ~ B

Name(f) : [ > A*& B CoName(f) : A® B*—>1

{ N - 4 ~B
I )—» I
A > B B* > B*

Names of arrows have special properties, with a computational
interpretation :

A — > A A g
‘ =
g " %
I > Name(f) <, p
A > I > B

(CoNames have similar properties, given by the dual diagram).

Under the alternative formulation,

the unit object no longer has a special réle
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Relative names / coNames :

Natural concept under alternative axioms is relative names. An

arrow :
A > B

has a Relative Name Nameyx : X ® X* — A* ® B

AX’--._____* —_____—*4.-1: .,4*

D
XA

Xss T4 »B

Of course, have similar concept for relative co-nam es.

As before, relative names have (relatively) special properties :

A > 4 ~—] Y*
P4y
X —> - g | Y

Namey(f) o B

A7 Fen ye

Ky s
P4y
X y

However, Namex (f) and Namey (f) are linked by a natural
isomorphism:

B

Namey (f) = Namex(f) . Pxyx*
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A passingcomment:

The alternative axioms make it easy to consider partiality :

Given a (partial) equivalence relation on objects, with extra
properties :

¥ RelBexivity A~ A

¥ Symmetry A~ B <& B ~A

¥ Transitivity A~ Band B~C = A~ZC

¥ 2. compatibility A~ Band B~ B’ = A~ B’

¥ «%- compatibility A~ B = A~ B¥*,

¥ ®- compatibility A~ Band C~D = ARC ~ B D.

Can consider restrictions, SO

Ppp: A® A* - B*® B

exists exactly when A ~ B.

As ~ is a (partial) equivalence relation,

P exists
XY = Pxgym exists

Py exists

in which case

(Pyz @1y)(ly ® Pxy) = sy zxgz(ly @ Pxz)

Question: what do R elative N am es look like,

in a partial system ?

M otivation : to produce an n-dimensional entangled state by measurement,

we need to be measuring an n-dimensional space

however, we came to eliminate types, not introduce them!

Univ. Marseille, Feb. 2006 Slide: 20



Back to Untyped Systems.

To talk about untyped systems, we cannot mention the unit object !

Compact closure once mentioned the unit, but I think we’ve got away with it...

W ith the alternative axioms we can

1. Delete any axiom
2.

involving I
Erase all object subscripts

b without everything becoming trivial.

This specifiesa compact closed monoid, as a monoid M, with

e A monoid homomorphism ® : M X M — M

e Invertible elements s,t € M satisfying

b s(f®g) = (g® f)s
b ¢((f®(g®h) = ((fR®g) ®h)t

e Type-free analogues of the MacLane Pentagon, and the
Commutativity Hexagon :

t2

(t®1)t(1 ® 1)

tst

(s @11 X s)

e An involution ( )* with (fg)* = g*f* and f** = f

e A distinguished arrow P € M satisfying P* = P,

e Type-free analogues of the Compact Closure axioms:
(P11l ® P) = Ps

(1@ Pt N(P®1) = sP

We (Pnally!) know what they should look like

- how can we build one ??
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A type-erasing construction

The Categorical theory of self-similarity
Theory and Applications of Categories (1999)

Consider a Monoidal Category (C,®,t,s, I), with :

e Self-similarity : A distinguished object N2 N Q@ N

b Isomorphisms

d: N > N®N

-d = 1 , dc=1
c: NQN — N }( N ‘ NN

e Freeness : N, ® freely generates a subcategory of C

b i.e. Associativity cannot be strict.

e Non-triviality : N 7 I

Self-similarity ... gives a functor from a category to a monoid

Consider the (full) subcategory J\/’®, with objects

N, NN , ( NQN) N, etc.

Each object X in this category isisomorphic to N :

%Decodex\$ %\f

N
L/#[ \C’odeX/
Inductively :
e Codepnr = 1ar = Decodeps
° CodeA®B = (Codey ® Codepg)c

° DecodeA®B = d(Decode g ® Decodep)
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T his gives us :
1. A functor! : N® End(N)

e (On Objects) : For all Objects, (I)(X) = N .

e (On Arrows) For all f: A — B.

®(f) = Codep f Decodea : N # N

||" %1 B |
Code g Decodeg '
A% 80y —%

\DecodeA/ \C’odec/

2. A monoid homomorphism :

e (Debned By) : For all a,b: N — N,
a$b = da" b)
e (Satisfying) : Forall F: A — Band G: X — Y,

O(F" G) = ®(F)$ ®(G)

I has all the properties of a monoidal functor

apart from preserving the unit object!
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(almost) Monoidal monoids (!)

The target of | is a one-object category N
giving monoid analogues of many categorical properties.

W hat happens to canonical isomorphisms ??

Trivial to check ...

e For all objects A, B, C and X,Y, Z,
I(tABC) = | (thz) = t € End(N)
l(sxy)=!(saBp) = s € End(N)
where

s(fOg9) = (g0 fls , HfO(gOA)=((fOg Ot

Applying ! to
(i) The MacLane Pentagon.
((ii) The Commutativity Hexagon.

gives

2= (tOLHLO B

tst= (s ®1)t(1l ©® s)

W hat about categorical closure ?

We have an untyped version of the monoidal structure N how about
the monoidal closed structure ?
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Closa monoids

For a Cartesian Closed M onoid we require :
e A Cartesian Closed Category (C, X)

e A distinguished object D satisfying :
b DxD = D

giving a Cartesian functor ! : DX — End(D)

N ensuring that DX, the source of ! , is closed.

Easy to find D% D LY D

. much harder to find D & DP 1

Fortunately - life is much simpler

for compact closure.
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Closure under the internal hom.

In a compact closed category :

Given N &2 N QN

N when is the subcategory N'® generated by A, ® closed ??

An almost trivial condition :

Given objects X,Y, the closure operation is given by

(X,Y] = Y" X

Given X,Y members of
ON®) = (N, NN, N®R(N®N) , &c.}

then [X,Y]= Y ® X* isa member exactly when N is self-dual.

N = N'

W hich is (of course) equivalent to

X,Y & Ob(N")

<

Pxy is an arrow of N
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Requirements :

We need : A distinguished object N/ € Ob(C) satisfying

1. (Hilbert Hotel condition) N Q N =~ N

d——uu_+
e O e ) e

2. (Self-duality) N* = N

What about when N s not self-dual ?

G — N " N! is self-dual, so G! :G
Gis also self-similar, so G !: G " G

S— . =
1 % geg )1
g C;bﬁ =2 . g®g
Theisomorphisms R: G ® G — Gand S: G — G ® G are given by
I

R = (C" d')<1|\| " SN 7|\|*" 1N *)

S = (1N " SN ,N*" 1IN *)(d" C')
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Diagrammatically :

N —»N
N — ik
N N*
>< [S GG > G}
f'\fr* j\r

All we need :

A self-stmilar object in a compact closed category
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And finally !

To simplify even further ...

Given a self-similar object in a traced monoidal category T,

The GOI or IIlt construction gives a compact closed category ...

together with a canonical embedding

t: T # Gol(T)

Clearly «(N) is also self-similar.

All we really need :
a self-similar object

in a traced monoidal category
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